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ON E. CARTAN’S PROLONGATION THEOREM OF 
EXTERIOR DIFFERENTIAL SYSTEMS.* 


By MasaTaAKE KURANISHI. 


Introduction. The purpose of the present paper is to give necessary and 
sufficient conditions for E. Cartan’s conjecture on the prolongations of exterior 
differential system ([1], p. 116) to be true. To begin with, we shall explain 
roughly what the problem is. 

An exterior differential system is defined to be a finite set of homo- 
geneous analytic differential forms on a domain D in a real euclidean space ; 
analytic functions are considered as differential forms of degree 0. A sub- 
manifold D, of D is called an integral manifold (or integral, or solution), 
of the system if the differential forms on D, induced by those in the system 
are always zero forms. The main purpose of the theory of exterior differential 
systems is, it seems to the writer, to find an effective method to construct all 
integral manifolds and to clarify the structure of the set of all integral mani- 
folds. The theory is essentially a theory of systems of partial differential 
equations. Namely, given a system of partial differential equations, for 
example y, z, 0z/0x, 02/dy) = 0, we construct, introducing new variables 
p and q, a differential system consisting of F'.(2z,y,2, p,q), de— pdx — qdy 
on an appropriate domain in the five dimensional euclidean space (2, y, 2, p,q). 
If D, is a two dimensional integral manifold of this system and if dz and dy 
are linearly independent on D,, we can express the submanifold in the form 
(x, y,2(2,y),p(z,y),q(%,y)). Then the function z(z,y) is a solution of 
the original equations. Conversely if z(z,y) is a solution of the original 
equations, the submanifold (2, y, z(x,y), [02/0z] (2, y), [6z/dy](z,y)) is an 
integral manifold of the system. 

The above observation suggests the following restriction to the problem. 
Fix a set of linearly independent Pfaffian forms dz',- - -,dz? on D and 
restrict our attention to the integral manifolds on which dz',- - -,da®? are 
linearly independent. In this case, the functions 2',- - -,2? will be called 
independent variables. In the present paper, we shall mainly concern our- 
selves with this restricted problem. 

The problem, which is to find a general method to construct all integral 
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manifolds, seems rather hard. Consequently, the results obtained so far are 
limited to furnish methods to construct integral manifolds satisfying some 
regularity conditions. For example, K. Cartan introduced the notion of 
general solutions of exterior differential systems and found a method to 
construct all general solutions. But unfortunately, there exist even examples 
of exterior differential systems which have integral manifolds but all the 
integral manifolds of the systems are not general solutions (cf. Example 1). 
Cartan’s idea to proceed further starting from the theory of general solutions 
was to construct canonically new differential systems on new domains in 
such a way that the integral manifolds of the original systems correspond 
naturally in one-to-one manner to the integral manifolds of the newly con- 
structed systems. If one constructs the new systems appropriately, it may 
possibly happen that an integral manifold of the original system which is 
not a general solution corresponds to a general solution of a newly constructed 
one. 

For this purpose, E. Cartan defined the notion of prolongations of 
exterior differential systems, which is essentially to add partial derivatives 
of the unknown functions to the original systems of partial differential 
equations, and he said that, under certain conditions which are not easy to 
state precisely ([1], p. 116), every integral manifold will become a general 
solution after a finite number of prolongations. In the present paper, we 
shall justify this conjecture, giving a necessary and sufficient condition (cf. 
Fundamental theorem, §6, Chapter III). Though KE. Cartan considered two 
kinds of prolongations, that is, total and partial, we shall consider here only 
total prolongations. We shall also neglect the process of adding functions 
to the given system. 

Since the theory developed so far is purely local, we shall restrict our- 
selves to differential systems on domains in real euclidean spaces. But it is 
easy to describe the theory on arbitrary real analytic manifolds, using the 
language in the theory of sheaves. 

After some preliminaries, we shall summarize, in Chapter I, the Cartan- 
Kahler theory of exterior differential systems; except in a few cases the 
proofs are omitted. In Chapter II, we shall introduce the notion of normal 
exterior differential systems, and their prolongations will be examined. In 
Chapter III, after some preliminary notions are introduced and studied, the 
fundamental theorem will be formulated and proved. 

Let me explain the expression “mod A,” where A is a subspace of a 
vector space B. The writer uses this expression in two different meanings. 
By the first usage, it indicates the image in the factor space B/A by the 
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natural mapping. For instance, (bmod A), where 6 is an element of B, 
means‘the image of 6 in the factor space B/A by the natural mapping, and 
if- he says “b,,- - -,b, are linearly independent mod A,” he means that 


(b,mod A),- - -,(b,;modA) are linearly independent. The second usage 


occurs when B is a subspace in a ring. For instance, “b,=0, (mod A) ” 
means that 6, —b. is in the ideal generated by 1. The meaning will always, 
we hope, be clear from the context. 

The writer owes thanks to Professor S. Chern for a valuable suggestion 
on the theory of exterior differential systems, and to Professor T. Nakayama 
for useful suggestions on the algebraic tools in this paper. The writer was 
introduced to the theory of exterior differential systems in the seminar by 
Professor Y. Matsushima at Nagoya University, 1952-53 and the formulation 
of the theory in §§ 1-3 of Chapter I is mainly borrowed from his seminar. 
The writer wishes to express his grateful thanks to all of them. 


1. Preliminaries. As for the fundamental concepts in the theory of 
manifolds we shall adopt the definitions given in C. Chevalley’s book [4]. 
We shall consider exclusively real analytic manifolds, mainly domains in real 
euclidean spaces, which will be generally denoted by YU. We shall often omit 
the adjective “real.” For a point x in Y, the tangent vector space at a 
to Y will:be generally denoted by €,Y. If VU, is a submanifold of U and r 
is in Y,, €,V; is a subspace of E,Y. Two submanifolds UY, and VU. of U 
passing through «x are defined to be equivalent at z if there is an open 
neighborhood NV of « in Y such that VOU: =—=NNWV2. The equivalence 
class is called a germ of submanifolds of Y at x. If a germ contains Y,, Vi 
is called a representative of the germ. For any germ of submanifolds V at 2, 
the tangent vector space to V, EV, can be defined uniquely as the tangent 
vector space at x to a representative of V. A subset 7 in WY is called a 
subvariety of Y, if for any point x of T there is an open neighborhood WN of x 
and there is a set K of real analytic functions defined on N such that TN N 
is equal to the common zeros of the functions in K. A subvariety is not 
necessarily the underlying space of a submanifold. A point z of a subvariety 
T is called a regular point of 7 if there is a neighborhood N of x in VY 
such that 77 N is the underlying space of a submanifold. A subvariety T 
of UY is called proper if 7~V. Remark that the empty set is a proper 
subvariety. By the classical theorem on the theory of analytic functions, 
it is clear that a proper subvariety of a (connected) manifold does not contain 
interior points of the manifold. Let f be an analytic mapping of a manifold 
V onto a manifold Y;. Assume that for any point z of Y, there is an open 
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neighborhood N of « and an analytic homeomorphism g:N X U.—>f*(N), 
where Y. is a manifold independent of z, such that (f°g)(2’,v) =2 
for any 2’ in N and v in Y2, where fog is the composite mapping of f and g. 
In this case we shall say that f is a fiber mapping. 


2. Let AW be the ring of real analytic differential forms on Y. Let 
A?Y be the module of homogeneous real analytic differential forms of degree 
gon Y. AW is the direct sum of A°V, A'V,- - -, and A"Y, where n is the 
dimension of YU. A°Y is the ring of real analytic functions on VY. The 
exterior derivative and exterior product would be denoted by qd and A, 
respectively. Let 6 be a differential form of homogeneous degree q defined 
on an open set N in UY. By defintion (p. 146 [4]), for each point 2 of 
N a q-multilinear function on €,V is assigned by 6. This function will be 
denoted by 


(1) <8, 


If L,,: - the value of <6,E,U> at -,L, will be denoted by 
<0,L, A: A If A- -A 6, then 


<6,L, = det (<6; L;>). 


For any subspace F of €,V, the restriction of the function <6,E,U> to E 
will be denoted by 


(2) <6, €>. 


Let ¢:,- - -,¢, be homogeneous differential forms defined on an open set 
containing +. Let be a subspace of €,V. If <1, - E> are 
linearly independent multilinear functions, we shall say that ¢:,° - -,qp are 
linearly independent on FZ. If ¢,,- - -,¢, are linearly independent on €,V, 
we shall say that ¢1,- - -,¢, are linearly independent at z. 

Let f be an analytic mapping of V into U,. Let @ be a differential form 
on an open set NV in Y,. The differential forms on f-1(N) induced by f and @ 
will be denoted by f*-6, (8f-@ by the notations in [4], ef. p. 151 [4]). 


3. <A q-dimensional subspace of €,Y is called a qg-dimensional contact 
element to U at x, and z its origin. The set of all g-dimensional contact 
elements to Y at 2, ’9.(V,q), naturally forms an analytic manifold, the 
so-called Grassmannian manifold. There is a natural analytic manifold 
structure in ’§(VU,q) = U € VU} such that ’9.(V,q) is a sub- 
manifold of ’&(V,q) and such that the projection p:’4(V,q) > W is an 
analytic fiber mapping, where p maps every contact element to its origin. 
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4. We shall construct the systems of coordinates of ‘8 (V,q) which will 
be used later frequently. Let w',- - -,w% be analytic Pfaffian forms defined 
on a coordinate neighborhood NV. Assume that w',- - -,w% are linearly inde- 
pendent at each point in N. Set 
(3) U(o',- = {HE’G (VU, q); p(E)EN and o',- - -,w? 

are linearly independent on £}. 
Take analytic Pfaffiian forms such that - -,w%, - 
form a base of Pfaffian forms on N. If HE U=—U(o!,: - -,w%), there is a 
unique system of real numbers (r=1,- +.q; o=1,: -n—q), 
such that 


q 
(4) <r, BY — == (0), (o=1,:--,n—q). 


The functions a,’ are analytic functions on U and (a'°p,- -, 
a system of coordinates on U7, where (2',- --,2") is a system of 
coordinates on V. Moreover, this system gives a homeomorphism of U onto 
NX Raver, where RU is a real euclidean space of g(n—gq) dimensions. 
If E’ is in U, E” is equal to the set of all solutions of the following system 


of linear equations on €,-V: 
q 
(5) ExV€U> — > ay? ‘<o", Ex = 0, (om1,---,q), 
r=1 
where 2’ is the origin of H’. Let L,(H’),- - -,L,(E’) be the tangent vectors 
in E’, defined by the formulas: 
(6) = 5,4, (r,s =1,- 
where 6,* is Kronecker’s delta symbol. Then we have the equality: 
(7) (E") = <n’, L,(E’)>. 
Let UY, be a g-dimensional submanifold of Y. The mapping T of V, 
into ’§ (V,q), defined by the formula: 
(8) T(z) = 
is regular and locally univalent mapping. Thus 7 defines a submanifold of 
’& (V,q), which will be denoted by JV,. If V; is a germ of g-dimensional 
submanifolds of YU at x, we can define the germ of submanifolds TV, in 
’&(V,q) at EV;, taking a representative of V, and applying 7. Define 
’S*(V,q) and FT'Y,, 1=1,2,- - -, by the inductive formulas: 
J'*Y, =F (F'V;). 
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We can define T'V, by similar formulas. J'Y, and T'V, are submanifold 
and germ of submanifolds, respectively, of ’4'(¥V, q). 
Throughout this paper, let Y be a (not necessarily bounded) connected 


domain in the real euclidean space. 


Chapter I. Exterior Differential System. 


1. Exterior differential system. Definition 1.1. An ideal & in the 
ring of real analytic differential forms on WV is called an exterior differential 
system if it satisfies the following conditions: 

(i) 

Sf] — 31 and n is the dimension of Y, 

(iii) & is finitely generated, i.e., there is a finite number of forms 
in & such that is generated, as an ideal, by. 6,,- - -, Oa. 

Let ¢1,° - -,¢g be homogeneous differential forms on UY. The ideal in 
AW generated by is an exterior differential system, 
which is called. the exterior differential system generated by ¢1,° - -, dp. 

Definition 1.2. A (q-dimensional) contact element to U at is 


called a (q-dimensional) integral element of & if and only if <6, > —0 for 
every 6 in & (cf. (2)). Let ’&%% be the set of all g-dimensional integral 


elements of 3. A zero-dimensional integral element is sometimes called an 


integral point. 

Take linearly independent Pfaffian forms o',- - -,7? defined on an open 
sett N. Set - -,w%), (ef. (3)). Then FEV is an integral 
element of & if and only if 
(9) <0, (#) A Ly, > =0 

where, in the case a0, the left hand side of (9) means the value of the 


function @ at the origin of #. Hence, if we define the analytic function 
on U by the formula: 


(10) (FE) = <6, (BE) A Ly, (E)S. 


and denote by K(3;',: - -,w%) the ideal in the ring A°U of all real analytic 
functions on U generated by all such K[6,q31,- then U is 
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equal to the set of common zeros of the functions in K(33;',- - -,o%). There- 


fore we have the following: 
Proposition 1.1. is a subvariety of ’9 q). 


Definition 1.3. Let T’ be a subvariety of Y and zx be a point of WV. 
Let K be a set of analytic functions defined on an open neighborhood N of z. 
The equation K —0 is called a local equation of T at « (or on VN) if NNT 
is equal to the set of common zeros of K. 


Definition I.4. The equation: K(3,',- --,o%)=0 is called the 
canonical local equation of (on -,o%)). 


Definition 1.5. A submanifold VU, of VY is called an integral manifold 
of % if, for each point x in YU, the tangent vector space to VU, at x is an 
integral element of %. A germ of submanifolds V, in Y at @ is called an 
integral at x if there is a representative of V, which is an integral manifold 
of 

It is clear that UY, is an integral manifold of = if and only if the 
subring X, of AY, which is the image of % under the dual mapping of the 
injection of UY, into Y consists of only zero. 


2. Polar equations, regular and ordinary integral elements. Let F be 
a qg-dimensional contact element to UV at Any vectors L,,---,L, in F 
and any form 6 in "+"! define a linear functional 6[Z,,---,L¢] on €,U 
by the formula: 


+, La] is equal to <0,E,U>, when 


Definition 1.6. The subspace of the conjugate space of €,U generated 
by all such -,La], (0€ 3; Ly,- -,Le€ BE; a=0,1,- -,g, will 
be called the system of polar forms of & at H and will be denoted by J(3;£), 
(or by J(#)). The equation J(H) —0 is called the polar equation of 
at ’. The set of all solutions of this equation will be denoted by H(F). 

If # is an integral element of 3, H(#) contains F. It is easy to see 
the following: 


Proposition I. 2. Let EH be an integral element of %. Let ZL be a 
tangent vector to UY at the origin of H. Then. the subspace spanned by EF 
and ZL. is an integral element of & if and only if L-is in H(F). 


Proposition 1.3. Let w',- - -,% be linearly independent Pfaffian forms 
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on an open set NV. Let 6,,- - -,0, be a system of generators (as an ideal) 
of &. If U(o',- - -,%), the set 


d == (degree of 6,) —1=20} 
is a system of generators of J(F), (cf. (3) and (6)). 

The dimension of the vector space J(F) over the field R of real numbers 
will be denoted by 4(3%;H#), (or by ¢(#)), where ¢ is considered as an 
integer valued function on ’§(V,q). If H’ CE, the definition implies that 
J(E’) CJ(EF). Hence we have 

Proposition 1.4. If E’CFE, then t(#’)St(#). then 
=n—4q. 

Definition 1.6. Let EF be an element in ’8(V,q). Set 

= Max{t(’) ; is a r-dimensional subspace of 
(r=0,1,- 

Proposition I.4 implies that S:--St,(#) =t(£). 

Definition 1.7. Let E be an element in ’§(¥V,q). Define integers 
-,8q(#) by the formulas: 

is called the system of characters at of 

Denote by 9(#,r) the set of r-dimensional contact elements contained 
in §(£,r) is a submanifold of (£,r). 

Lemma I.1. The set of all &(F,r) such that t(h’) St,(£) 1s 
a proper subvariety of &(E,r). 


Let 7 be a subvariety of an analytic manifold Y. Let an equation: 
K =0 be a local equation of T on an open set N (cf. Definition 1.3). 


Definition 1.8. Let « be a point in NNT. K is called regular at z, 
if there are functions f,,- - -,f, in K such that the equation: f,—=---—fh 
= 0 is a local equation of T on a neighborhood of z and such that df,,- - -, dfn 
are linearly independent at z. 

Now we shall define the notions of regular q-dimensional integral element 
of by induction on 
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Definition 1.9. A point x of ’&°S is called a regular zero-dimensional 
integral element if and only if there is a neighborhood N of z in U such 
that ¢ is a constant function on NN’A°S, NM’R°S is a submanifold of V, 
and the equation 3!°! 0 is a regular local equation of ’2°% on N. A q- 
dimensional integral element (q=21), is called regular if and only if 


(i) E contains at least one regular (q¢—1)-dimensional integral 
element, 


(ii) there is a neighborhood N of F in ’$(V,q) such that ¢ is a 
constant function on NN ’&4S. 


Definition 1.10. An integral point 2 is called ordinary if and only if 
there is a neighborhood N of x in Y such that ’8°3M N is a submanifold 
and such that the equation: 3°}—0 on WN is a regular local equation of 
AN. A q-dimensional integral element (q21), is called ordinary 
if and only if / contains at least one regular (q—1)-dimensional integral 
element. 


Definition I.11. Let EF be a g-dimensional vector space. By a flag F 
on FE we mean a chain of subspaces of F, 


{O}=— HF, CHC: ‘CE =—E, 


where the dimension of F, is r. EH, will be called the r-th component of the 
flag F. gq is called the dimension of F. The set ¥(/) of all flags on H 
forms a real analytic manifold. There is a natural manifold structure on 
F(V,9) =U F¢ F(F), (V,¢)} such that F (#) is a submanifold 
of F¥(V,q). 

Let @ be a flag on FE’G(V,q). Let N, be a neighborhood of the r-th 
component of F in ’9(V,r). 


(11) U(No. +,Nq) = {F’€ F(V,q) ; the r-th component 
of is in N,, r==0,1,- -,q}. 


Then all such U(No,Ni,: - -,N_) form a fundamental system of neighbor- 
hoods of F in ¥(V,q). 


Definition 1.12. Let # be an ordinary integral element. A flag F on 
I’ will be called regular if the r-th component of F is a regular integral 
element for 


We sce easily the following 


Proposition 1.5. Let E be an ordinary integral element of 3. Then 


| 
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there exists at least one regular flag on H. The set of all regular flags of ¢ 
dimensions forms an open set in ¥(V,q) N71(’2°S), where + is the natural 
mapping of F(V,q) onto ’&(V, 

Set 


(12) {HE'S (V,q); EF is a regular integral element of 3} 
(13) O6’d—{Fe’S(V,q); H is an ordinary integral element of 3}. 
Clearly we have the relation: C 


TueoreM J.1. and are open subsets of Let 
be an ordinary q-dimensional integral element of 3. Then there is a netgh- 
borhood N of the origin of FE such that ’&°S ON is a submanifold. Let n 
be the dimension of this submanifold. Let w',- - -,w% be analytic Pfaffian 
forms on N which are linearly independent at each point in N, and which 
are also linearly independent on FE. If N is sufficiently small, then there is 
a neighborhood N of E in ’&(V,q) such that 


(i) “XSAN is a submanifold of dimension (Sr-s,(E)) + No, 
r=1 


(ii) the equations K(3,o1,: --,07)=0 on N is a regular local 
equation of ANN. 


(iii) the restriction of the projection p on’3IZ MN is a fiber mapping 
of NN onto N. 


The esential part of the theorem is due to Cartan [4]. The present 
formulation is due to Y. Matsushima (unpublished). This theorem will 
not be used in the remainder of the present paper. 


Remark. 6’ may be an empty set, even if ’A7X is not empty, as 


in the following 


Example 1. Let YU be the three-dimensional euclidean space with a 
system of coordinates (x,y,z). Denote by & the exterior system generated 
by z-dz and z-dx A dy. Then ’3?3 4, in fact, z—=0 is an integral mani- 
fold of =. The origin of any 2-dimensional integral element must satisfy 
the condition: z—0, but such a point is not a regular integral point. 
Therefore it follows that 6’3*S is empty. 

The following proposition, which is a corollary of Theorem I.1 will be 
used later. Therefore we shall prove it here directly. 


Proposition 1.6. Let EF be an ordinary q-dimensional integral element 
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of 3. Then, we can find a neighborhood N of the origin x of # in U such 
that NM ’2°S is a submanifold and such that there is an analytic mapping 
f: NN’d°3—>’G(V,q) satisfying the following conditions: (i) f(z) =£, 
(ii) pof—the identity mapping, and (iii) f(WN’d°S) 


Proof. By definition, there is a neighborhood N, of z such that Ny ’2°S 
is a submanifold. Let F be a regular flag on Let (r=0,1,-- -,q), 
be the r-th component of F. It is sufficient to show the following statement 
(#), by induction on r (r=0,1,-- -,q): 


(#),: There is a neighborhood N, of x such that N,M’°S is a sub- 
manifold and there is an analytic mapping f, of N,’&°S into ’S (V,7r) such 
that f,(z) = L,, pof,—=the identity mapping, and such that the image of 


fr is.in 


(#), is trivial. Assume that (#),. is proved. Let w',- --,w" be a 
base of Pfaffian forms on N,,. By Proposition I.3, there are analytic 
functions (b=1,-- on ’&(N,4,r—1) such that 


Ayj(E’) (b=1,: generate J(H’) for any 


K’ in ’$(N,1.,r—1), (ef. Definition I.6). By definition I.9, there is a 
neighborhood N of #,, such that the dimension of J(H’) is constant when 
FE’ runs through NV. Take a vector Z in EF, but not in #,,. Then it follows 
that there is an analytic mapping g: f,1(N;N’&°S) EV (=the manifold 
of all tangent vectors to Y) such that pog —the identity, g(H#,.) = L, 
and such that g(H’) € H(#’) for any FE’ in f,.(N,M’&°S), where N, is a 
sufficiently small neighborhood of x contained in N,,. Adopting the system 
of coordinates mentioned in the preliminaries, we see easily that the mapping 
f, of into defined by the formula: f,(a2’) = {the sub- 
space spanned by f,,(2’) and gof,.(2’)}, has the required properties. 


3. E. Cartan’s fundamental theorem. 


THEOREM 1.2. Let & be an exterior differential system on VU. Let V, 
be an integral of & at x (Definition I.5). Assume that EV,=—E’ is a 
regular integral element of &%. Let K he a p-dimensional integral element 
of 3, where p—1 is the dimension of V;. Let V. be a germ of submanifolds 
in YU. Suppose that they satisfy the following conditions: (i) E’ CE, 
(ii) the dimension of Vz.—n—s,4(EH’) +1, where n is the dimension of 
Y, (iii) Vi C V2, and (iv) EV. H(E’) =F. Then for any such E and 
V.. there is a unique integral V, of 3 at x such that EV;—=E and such that 
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The theorem was first proved by EK. Cartan, in the case & is generated 
as an ideal by 3"), 3"), and 3@). The general case was proved by E. Kahler 
[5]. The formulation of the theorem given here is due to E.. Kahler. 


Definition 1.13. An integral V, of & (at x) is called a general solution 
of = (at x) if EV, is an ordinary integral element of %. 


Remark 1. Theorem I.2 (and its proof) provides an effective method 
to construct all general solutions at a regular integral point. The theorem 
is classically expressed by saying that, for any (p—1)-dimensional integral 
V, of = such that €V, is a regular integral element and for any p-dimensional 
integral element FH containing €V,, the set of all integrals whose tangent 
vector space is HZ, depends on s,,(€V,;) —1 number of arbitrary functions 
of p variables. But it seems to the writer that some ambiguous points are 


left open about this notion. 


4. Exterior differential system with independent variables. 


Definition 1.14. A A°Y-submodule © of A*Y is called a system of p 
independent variables if it satisfies the following conditions: there are analytic 
functions f,,---,fp on UV such that w'—df,,- --,0?—df, are linearly 
independent at each point in Y and such that Q is A°Y-generated by 
df,,- *,dfp. The set {w',- - -,?} is called a base of Q. 

Let n be the dimension of Y. Then A‘ itself is a system of n inde- 
pendent variables (since UY is a domain in a euclidean space). 


Proposition I.%. Let f be an analytic mapping of UY onto U;. Let 2 
be a system of p independent variables on Y,. Let f*O be the A°Y-sub- 
module generalted by all f*#, where » runs through the forms in Q. Then 
f*Q is a system of p independent variables on WV. 

Set 
(14) So(V.q) = q); the dimension of the vector 

space <2, H> is equal to q}. 


Then %o(V,q) is an open submanifold of ’9(V,q). Let f be an analytic 
mapping of VY, onto Y. Then f induces an analytic mapping 
(15) dof: > 


We shall write simply 9(¥V,q) instead of Bo(V,q), when there is no 
ambiguity about what a system of independent variables is considered. 
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Definition 1.15. A pair of exterior differential sysiem % on Y and a 
system of p independent variables Q on § is called an exterior differential 
system with p independent variables and will be denoted by (%,). p is 
called the number of independent variables in (3,@). 


Definition 1.16. A q-dimensional integral element F of & is called 
an integral element of (%,Q), if Z is in $o(V,q). By an integral manifold 
of (3,9), we mean a p-dimensional integral manifold Y, of (3,0) such 
that €,V, is an integral element of (3,0) for each x in U,, where p is the 
number of independent variables in ©. A germ of submanifolds is called 
an integral of (3,9) if it contains a representative which is an integral 
manifold of (3, Q). 


Set 
(16) Go(V, 9), 
(17) 6 = Ho(V, 7), 
(18) R Ho(V, 9). 


Since ¥o(V,q) is an open submanifold of q), Proposition I. 1 implies 
that is a subvariety of o(V,q). 

Let E be a contact element to Y at x. J(%;H) and <0,€,U)> are 
subspaces of the vector space <A'Y,E,U> = (E.V)’ (cf. Definition I.6). 
Let f be the natural mapping of (€,V)’ onto (€,V)’/<Q, EzV>. Denote by 
J(3,09;E) the image of J(3,£) by f. J(%,2;F) is called the system of 
reduced polar forms of #. The dimension of J(3,9;F) will be denoted 
by ¢(3,0;F) (or by ¢(#,Q)). If then it follows that ¢(#’;Q) 
St(#£;0). 

Definition 1.6’. Let E be an element in $o(V,q). Set t-(£) 
= Max{t(H’,©); H’ is a r-dimensional subspace of (r=0,1,:- -,q). 

Then ¢,(£,9) St,(#,Q) S- -St,(#,Q) =t(#,Q). 

Definition 1.7’. Let EF be an element in $o(¥V,q). Define integers 
8)(£,Q),- - -,8,(#,Q) by the formulas: 

= 
s,(#,Q) =t,(#,Q) —t,.(#,9), (r=1,:--+,q—1), 
Sq(#,Q) =n—q—t(F,Q). 


is called the system of reduced characters at 
of (3,2). 


MASATAKE KURANISHI. 


Definition 1.17. Let (%,@) be an exterior differential system with p 
independent variables. Let x be an integral point of (3,2). (%,@) is called 
involutive at x if it satisfies the following conditions: (i) &?°(3,2) MN p-?(a) 
is not empty, (ii) (2). 6 


5. Prolongations of exterior differential systems. Let 2 be a system 
of p independent variables on Y. We shall write simply 8(YV,p) instead 
of 8o(V.p). We remark that 9(YV,p) is again a domain in the euclidean 
space of n+ p(n—vp) dimensions (cf. 4. Preliminaries). Let p be the 
projection of (VY, p) onto Y. Denote by p*- the A°Y (Y, p)-submodule 
of (V,p) generated by all p*-0, where @ runs through forms in 
A°S (VY, p) is, according to our general notations, the ring of real analytic 
functions on &(V,p). Let EF be an element in 9(V.p). Let L be a 
tangent vector to at (i.e, LEErG(V,p)). If dp-L=0 and 
if y is in p*A'WV, then clearly <y,lL>—0. Therefore a linear functional 
<w.EzV>z on EV, where x is the origin of FH, is defined by the formula: 
(UV, p)> = ExU>nedp. The restriction of to a sub- 


k 
space of €,Y will be denoted by <¥, Ez. If we write y= > p*6), 
j=l 
where g; are analytical functions on §(V.p) and 6 are analytic Pfaffian 
k 
forms on VY, then clearly <y, E2r=—>9;(F)-<05,H’>. We shall write 
E> instead of 

Definition 1.18. Denote by 10 the set of all w in p*A*Y such that 
<y, E> =0 for all in p) = $a(V, p). Denote by the ideal in 
AG (VU. p) generated by and We shall see that is an 
exterior differential system on §(V,p). The exterior differential system 


with independent variables (II, p*Q) will be called the associated differential 
system with Q. 


Let w'=df,,- - - w®=df, be a base of Q. Then it is obvious that 
U(o',- --,?) (ef. (3)), is equal to 8(VU,p). Therefore, if we choose 
analytic Pfaffian forms z',- - -,2"? such that -,?, form 
a base of A’UY, we may define (t=1,---,p; on 


&(V.p) by formula (4). 


Proposition 1.8. is generated by — Sai: (c=—1,: 


n—p). 


Proof. Any in p*A*Y can be written as y= p*wo' +- - + gp: 
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+- hy: where g; and ho are analtyic functions on 
$(V,p). is in if and only if 


4=1 
+ Sho(B) - a? (E))<w', E> 


n-p 
for any in §(V,p). Therefore Thus y is in if and 


o=1 


n-p 
only if p= Dho- (p*x? — p*o*). 


Proposition I.8 implies, in particular, that IQ is an exterior differential 
system. 


THeorREM I.3. Let Q be a system of p independent variables. If UV: 
is a p-dimensional submanifold of UY such that €,V,€ &(V,p) for any x 
in V,, then FTV, (cf. (8)) ts an integral manifold of (IIQ,p*Q). Con- 
versely, if V,* is an integral of (QII, p*Q), then there is a unique germ of 
submanifolds VU, of such that JU, = U*. 


Proof. The first half of the theorem is almost obvious by the formula 
(4) and Proposition I.8. As for the second half, let Y,* be an integral 
manifold of (IIQ,p*Q). Then if is in then dp: (EzV:*)> 


dp: (ExV.*)> =0. By (5), it follows that dp: (EzV.*) C 
i=1 


Since EzV,* is in Bp+o(¥ (Y, p), p), it follows that dp- (EzV1*) is p-dimen- 
sional. Hence dp: (EzVi*) =F. And locally dp is univalent. Therefore 
defines a submanifold Y, of Y. For any in Epc Vi 
= dp: (EzV,*) =F. Thus In the above proof, VY, is not a 
submanifold in the strict sense, because dp is only locally univalent. But 
what matters here is the germs determined by Y,*. Therefore this point does 
not matter in this proof. 

Let w',: - -,w? be a base of 2. Then the ideal K(3;o',- - -,w?), (cf. 
(10)), in the ring of analytic functions on U(o',- - -,o?) = $(WV,p) does 
not depend on the choice of the base. Let us denote this ideal by K(%,). 
We showed that K(%,) is finitely generated. Let Po be the exterior 
differential system on $o(V,p) = 4(Y, p) generated by K(%,Q) and TIQ. 


Definition 1.19. Let (3,Q) be an exterior differential system with inde- 
pendent variables on Y.. The exterior differential system with independent 
variables (PoX.p*2) on Yo(V, p) is called the prolongation of (3,9), and 
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will be denoted by (3,0). The J/-th iteration of prolongations will be 
denoted by P'(3%,). 


Proposition 1.9. ’&X°Pos = 3°(3%,2), where p is the number of inde- 
pendent variables in (%,@). 
The proof is obvious by the definitions. 


THeEorEeM I.4. Let (3,Q) be an exterior differential system with inde- 
pendent variables. If VU, is an integral manifold of (%,Q2), TV; ts an integral 
manifold of P(%,Q). Conversely, if U,* is an integral of P(3,Q), there 
is a unique germ of submanifolds U, of UV such that JU,=U*. Then UV, 
is automatically an integral manifold of (3%,Q). 


Proof. Let VU, be an integral manifold of (3,2). Then JV, GC’ Pox 
= 3?(,0), where p is the number of independent variables. By Theorem 
1.3, JV, is an integral manifold of (110, p*9). Then it follows that TV, 
is an integral manifold of (3,9). Let V,* be an integral manifold of 
(3,2). Then Y,* is an integral manifold of (IIQ,p*Q2). Therefore, by 
Theorem I.3, there is a unique submanifold Y, of Y such that JV: = V,". 
Since A9(3.2), VU, is an integral manifold of 
(3,09). Here we assumed that Y,* is a sufficiently small representative 
of V,*. 


THEOREM 1.5. Let (3,0) be an exterior differential system with p 
independent variables on YU. Let E* be a p-dimenstonal integral element of 
P(x,2). If, moveover, dp-H* is an ordinary integral element, we have 
the following relations: 


Pp 
S8q(E*) = 3 5,(F), =dp:E*; -,p). 
r=q 


This theorem was proved by E. Cartan [2] in the case where & is 
generated by 3!°!, 3"), and d3="!. The general case was proved by Y. Matsu- 
shima [6]. 

Remark. The theorem shows that, if # is an ordinary integral element 
of (3,0), any integral element H* of P(3%,Q) such that dp-H*=—E is 
ordinary. But the ordinarity of H* does not imply that of ZL. 

The following lemma, which is easy to prove, is often useful in calcu- 
lating prolongations. 


LeMMA 1.2. Let (3,0) be exterior differential system. Let w',: - -,o? 
be a base of Q. Then the functions -,ra] on 
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$o(YV, p) =U (o',: +, 0), defined by formula (10), where a is the degree 
of the differential form 0, are uniquely determined by the following formula: 


Chapter II. Normal Exterior Differential System. 


1. Normal exterior differential system. 


Definition II.1. An exterior differential system with independent vari- 
ables (3,2) on a real analytic manifold Y is called normal if it satisfies 


the following conditions 
(i) 


(ii) there are analytic Pfaffian forms 6,- - -,6% on Y which form 
a system of generators of 3"! and which are linearly independent modulo 2 


at each point in VY; 
(iii) S"1=0; (modQ+ 3") 
(iv) % is generated as an ideal by 3" and 3"). 


THEOREM IJ.1. Let (3,0) be an exterior system with p independent 
variables on UY. Then P(%,Q) satisfies the conditions (iii) and (iv) tn 
Definition IT. 1. 


Therefore, if (3,9) forms a submanifold on a neighborhood NW of a 
p-dimensional element, restricting P(%,2) on N, we may obtain in general 
a normal exterior system with independent variables. For this reason, we 
shall restrict our attention to a normal exterior differential system with 
independent variables. Of course, there are many systems which cannot be 
treated by the theory of normal systems. We shall say simply normal system 
instead of normal exterior differential system with independent variables. 

Our next concern is to express P*4(3,2) more explicitly. To do this 
we shall restrict P'(3,@) on a submanifold of 9'(V,p) which contains 
d°Pt(3,0), and we shall write down explicitly the systems and their systems 
of polar forms. 


2. Admissible restriction. Let & be an exterior differential system 
on Y. Let --,f- be analytic functions in such that df,,- - -,df, 
are linearly independent at each point in UY. Let V’ be the submanifold of 


2 
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Y defined by the conditions: f,—=---—f,-—0. % induces an exterior 
differential system >’ on Y’. % is called an admissible restriction of & and 
c is called the character of the admissible restriction. Let 2 be a system of 
p independent variables on Y. Denote by 0’ the A°Y’-submodule generated 
by the restriction of 2 to Y’. If 0’ is a system of p independent variables, 
we shall say that (3’,’) is an admissible restriction of (3,9), and that ¢ 
is the character of the restriction. 


Proposition 11.1. Let (3/,0’) on Y’ be'an admissible restriction of 
(3,2) on Y. For gq=0,1,:--,dimWV, denote by i the injection of 
$a(V’,q) into $o(V,q) induced by the injection i of Y’ into YU. Then 
ig induces a homeomorphism of &4(3’,’) onto &4(3,0). If # is an element 
of &9(3’,0’), then s)(i,(Z)) +c—s(F) and =s,(£) for 
r==1,:--,q, where c is the character of the restriction. 


Proof. Let (%’,’) be an admissible restriction by the functions f,,- - -, fe 
in S!], The first half of the proposition follows from the fact that f; and 
df;, (j=1,---,c), are in &. Let z be an integral point of 3’. Let 1* be 
the linear mapping of <A'V,€,YU> onto <A'V’,E,V’> induced by 1. Then 
the kernel of i* is the subspace generated by <df1,€,U),: - -<dfc,EcV>. 
Hence ¢(3’,z) Assume that ¢(3’,#,) + 
for any F, in $o(V’,r) for r=1,---,qg—1. Let E be an element in 
Sa(V,q). Take a (g—1)-dimensional subspace of H. Then induces 
a mapping J(i(£))/J(1(£,)) onto J(#)/J(#£,). The kernel of i* is in 
J(3,1(x)) CJ(3,1(£,)), where z is the origin of #. Hence 


Therefore, using the assumption of induction, we see that ¢(3’,#) +c 
=t(3,i(H#)). Then, by Definition I.7, we can easily deduce the second half 
of the proposition. 


Proposition 11.2. Let (3’,’) on Y’ be an admissible restriction of 
(3,2) on Y. Let c be the character of the restriction. We can naturally 
identify So (V’,p) to a submanifold of where p is the number 
of independent variables. Then ?(3’,0’) is an admissible restriction of 
P(=,Q) and its character is equal to c(p+1). 


Proof. Let w',: -, be a base of QO. Then $o(V, p) =U 
To construct a system of coordinates on U(w',: - -,w?), we can choose 
such that r'=—df,,- --,7°=—df, (cf. 4. in Preliminaries). 
Then $o(V’, p) is the submanifold defined by the system of equations (*): 
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=0 Since df, is in 
the functions a,/ are in P(%,Q). Hence (*) defines an admissible restriction 
P (3,2)’ of P(%,Q2) and its character is c(p-+1). It remains to prove 
that P (3,2)’ = P(3’,0’). This can be done by writing down the elements 
in P(3’,0’) and P(3,Q)’. 


Proposition 11.3. Let (3’,Q’) be an admissible restriction of (3,@). 
Let (3,9) be an admissible restriction of (3’,’). Let c’ and c” be their 
characters. Then (3”,9’) is an admissible restriction of (3,2) and its 
character is c’ +c”. 


The proof is easy. 


3. The exterior differential system 0,2. Let (3,0) be a normal 
system on VU. Let w',: - -,? be a base of ©. Remark that dwt'—0 by 
Definition I.14. We can choose a base w',- -,w?, - -,0%, w',- -, 
of Pfaffian forms on Y such that 6',- - -,6% generate 3], and dw*—0. 
Throughout §2 and §3, we shall fix a base. Let w,,...4,, (A=1,°-°+,m; 
1=1,2,---), be a system of indeterminates under 
the conditions: w>;,...;, = Where is any permutation of 
41,°° *,%. We can consider w%,,...;,, for a fixed J, as a system of coordinates 
in euclidean space R; of dimension n;=m-C;?*"-1, where C,% is the binomial 
coefficient. Set Ry, —Y and dimension of WV. 

Set KR. We have the projection py?: 
R:—> R, for 1=l’. To avoid inessential complications of notations, let us 
omit the symbols op,;', (py’)*, as far as confusion may not occur. For 
example, if f is a function on ®@,, f automatically means also the functions 
fopr' on #&, for any 1=I/’. The same rule will be applied to differential 
forms. When we want to indicate on what manifold f is considered, we 
shall say f on ®,, for example. 

Let II, be the A°@,-submodule of A1@, generated by the following set 
(II,) of Pfaffian forms on ®: 


(a—1,: 


p p 
* = > wu; w*, = du,., Wi w*, 
4=1 
p 
* 
p 
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We shall consider *@* as the case v0 of *@*,,...;,. It is obvious that 
the elements of (II,), and du,,...,, form a base of Pfaffian forms 


on Thus 
1-1 

(20) dim <I, > + p= dn, — dim 
y=0 


for any y in If f isa function on d(fpr4") is in. (prr')* 
Therefore, for any function f on #11, we can define the function _D,'-f, 
(k=1,:--,p), on &, by the formula: 


(21) d(f ° prs!) => (Dz! -f) (mod I). 
k=1 


It is easy to see that, if 1,21, = (D,'-f) Hence we 
may omit the index 7 and simply write D;:f. Let D), be the mapping of 
the vector space of analytic functions on ®&,., to that on ®&, of which value 
at f is D,:f. Since d(d(f°pr,') =0, 
(22) Dy, = © (h,k =1,- 
Clearly, they have the usual properties of differentiation. For example, 
(23) Dy: (f° 9) = (Def) -9 (De-g)- 

By the condition (ii) of the normal system, we can write, for any ¢ 
in 

p 


(24) A of (mod 3") 
: 2 


#=1 j=1 


where and are analytic functions on Y and By.i; + Set 
m 

(25) 2 — uid) + Bo ij. 
=1 


They are analytic functions on #@, for/=1. Starting from @¢,i;:, we shall 
define analytic functions (i, j,41,° on Ry 
(l’=1), by the formula: 


For simplicity, we shall denote by K, the set k,,---,k. Kik,, kK, 
means the set k,- -kjk, kk,- - ky, respectively. 
By (22), @¢:;%,, are symmetric with respect to the indexes h,,- - -, ky, 


and it is easy to see, by induction on /, that 
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where are analytic functions on for 1;21—1. Therefore it 
follows that Bg.ij.%,, are symmetric with respect to the indexes k,,- - +, hy. 
Bo.ij;«,, are defined inductively by the formula: 


m 
(28) Bo { (Dri. Aga) dey 2 
=1 
— (Dir Agia) tad + Bo 
(L=2), where, when 1--1~—0, Bo means Bg, ij. 

Let be the ideal of A°0e, generated by all (4,j,41, 
ky=1,° - Since is finitely generated, 
R(X is also finitely generated. 

Definition 11.2. Let ®&:3% be the exterior differential system on &, 
generated by II; and #3, for 17=1. 


Set #,.%— on Y. It is easy to prove the following relations: 


p 
(29), if 0SvSl—2, d9¢ :i3:%,=> O¢ ij; xo" (mod. 
k=1 
m 
| k=1 
(31), = 1,- - -, p}, 
Dp 
k=1 
THeoreM IJ.2. on is isomorphic to an admissible restric- 
tion of P'(3,Q) (1=0,1,-- +). The character c, of the restriction is equal 


to where co’ =a,p and 


cy’ = + Jmp(p—1) (Ci?) + (Cpe!) for v2 1. 
h=1 


Proof. (Induction on 1). In the case 10, the theorem is trivial. 
Assuming that the theorem holds for 7, we shall prove it for 7+1. The 
proof for the case / + 1=—1 is almost the same as that for the case /1+1>1 
and is easier. Therefore we shall deal with the case 7+1>1. By Proposi- 
tions IJ.2 and II. 3, it is sufficient to show that is isomorphic to 
an admissible restriction of ®(@,3,Q) of the character cy. 


ws form a base of Pfaffian forms on 


Hence as in 4 of Preliminaries, ¥o(®),p)—&(Ri,p) has a system of 
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defined as follows: (i) z,- - -,a" is a system of coordinates on WY, (ii) if 
E is in §(®i,p), E is the space of all solutions of the following system of 
linear equations on the tangent vector space to 0, at the origin of FH: 


62 —S = 0, 


Dp Dp 
(33) ¥ oF =0, — = 0,- 
k=1 k=1 
Dp Dp 
*@ — =0, dw y,— > w« , (L)ot = 0. 
k=1 


To avoid confusion, let 9; be the system of independent variables 0 on &, 
and p; be the projection 9(01,p)—- ®;. Then, by Proposition I.8, MQ, 


is generated by 


Dp 
(34) k=1 k=1 k=1 
% 4 r k r yA k 


Then, by Definition I.19 and Lemma I. 2, it follows that (P #3)" is 


generated by 
Ky» (vy =0, 1,- >I), 


K [d@¢ Ky» P3*] = O¢ 347; mod (v* x, Pye (cf. (29):), 
=1 


— Ag + Mod OM jase), (ef. (30),), 
K," =v,°, K[*o, 
K[*o,.,, P; k | K[*ox rp k| 
(v= 0,1,- - -,1—2; ef. (32),), 
K[d*¥@ P3tj] —W and 
K [d0*, p31,7]=0 (mod 
Let be the restriction of to the submanifold of 9 
defined by the equations: 


(a= 1,- -,m 31,9, k, ky,- ‘ =1,:- -»p)- 
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Then is an admissible restriction of of character and 
is generated by all @9;4;, and by 
m 


=i 


is generated by d3*"l, by 6%, and by dudy,, 


wx &* is generated by and d=". Then it is clear 
k=1 
that the mapping defined by Wy and by 
R,— ®R, (identity mapping), is well defined and induces an isomorphism 
from (13,2) onto (¥*,Q). The number of independent equations in 


(35) is equal to c/. Thus the proof of Theorem II.2 is completed. 


4. System of polar forms of &,3%. Let us make explicit the system 
of polar forms J(#) of an integral element H of (#:3,9). Let pg be the 


projection of = onto We shall omit op, and p,* 
in Ag.in° pg, py*o', etc., since the omission will not cause any confusion. 
Note that - is the base of Pfaffian forms 


on Y fixed at the beginning of § 3. 
(36) Us—{Fe o',: -,o% are linearly independent on F}. 


V2 is an open submanifold of and V?=G(Ri,p). Define the 
tangent vectors L,(Z),- -,L,(#) to contained in F, by the formulas: 


(37) <o", L,(£)> = 8," 


for any EF in U,2. Denote by 7, the projection of U,7 onto U,2* defined by 
the formula 


(38) nq(#) = {the space spanned by L,(F),: - -,L¢1(F)}, 


(EE is defined for g=1,:--:,p. Define analytic functions w,%* 
and wry, ., on by the formula: 


(EE 
Clearly we have 


for r==1,---,qg—1. Denote by the A°Y,?-submodule of 
generated by all p,*-0,0€ 
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Definition 11.3. Denote by the A°Y)-submodule of p,*-A'R, 
generated by the following set of Pfaffian forms defined on Y,': 


m p 
=i 
=1 


We remark that A,° is the submodule generated by all &9;ij;;%,,. According 
to the notations in §5 of Chapter I, if 

and if is in then <é,€,# 2, where y is the origin of is the linear 
functional on the tangent vector space €,0?; to @, at y, defined by the formula: 
<é,€yR > +: --+fa( >. Then we have 
the following 

Proposition 11.4. If is in Y,' and if the origin y=p,g() is an 
integral point of then 
J = <m, EyR > + <Ait, ER de, 
where the plus sign denotes the direct sum. 


Proof. By the definition of J(/), (Definition I.6), it is generated by 
the following linear functionals on €,&,: 


(42), Ey R 

for v=0,1,- - -,J/—1, 

(43) 

(44) de*[L,(E£)], and y,[L,(F)], (yv=0,1,- - -,J—1). 


(cf. (10)). Since y is an integral point of #3, (29), implies that the 
members in (42), are congruent to 0 modulo (43) for y=0,1,- - -,J—2. 
(30); implies that 


modulo <m,€,& >. By (31); and (32);, members in (44) are congruent to 
0 modulo (43) except d*o,,...x,,[Z,(F)]. A direct calculation shows that 


ng 


ar 
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Hence J(E) is generated by and <A,€,R xz. Since *w x, 
(v=0,1,---,J—1), o',---+,o?, duy, form a base of Pfaffian forms on 
1, we see easily, by the explicit expressions for the members in (II,) and 
(A;7), that the summation must be a direct sum. 


Proposition 11.5. Let Ai(q), p=q=—1, be the A°Y,%-submodule of 
py*A0e, generated by all f\,---%,4:;¢ Let H be an element in Y,4 whose 
origin y is an integral point of 0,3. Set (H#). Then is 
generated by and <Ai(q), de. 


Proof. Clearly L,(#’) =L,(£) for r—1,---,q—1. Then the 
proposition follows from the definition of A,’, (40), and from (41). 
In the following, we shall write K instead of Kr. 


Definition II.4. Denote by A’ the A°Y,%-submodule of pat AR, 
generated by the following set of Pfaffian forms defined on V/. 


m 


(A477) p-a 
dU gr + x gins 
Set 
(45) = dim¢A’4, EyR (y =the origin of #, FE 


nen by Proposition II.4 we have the formula 

(45)’ dim(J(£) mod <9, €,R p>) +n—p+m( 


Proposition 11.6. Let EH be a q-dimensional integral element of & :3. 
Assume that is U4. Set (cf. (38)), and —dp,,'- LE’, 
where p;,! is the projection ®@:— 0 .,. Let y be the origin of #. Then 


< dim S dim <A", €,R De + 


where ny, = dim =m: 

To simplify the notations we shall omit ,é,#&) and 
Thus, for example, y and means <dwy, > and 
respectively. In general, we shall denote by & the set of indexes k,,- - -, ky». 
As before, K represents the set of indexes h,,---,ki1. Let duy,*, (x€X), 
be the maximal number independent duy*mod Ey dp-s', 
where y’ =pr1'(y) and X is a set of indexes. Then the number of elements 
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in X is nm.,—t’(E”). Take any A and K. Then, adopting the tensor 


notations, we can write 


(r’ =1,- -,qg—1), where ax, are constants. We claim that, 


for any k=1,-- -,p, 


To prove formula (a), observe that, for each k, there is an isomorphism of 
the space generated by <du*w,€,(0'')> which maps each du*y upon du*y;. 
Then clearly this mapping maps upon Since w,%*(E) 
=w,t"(p'_,(£)) by (39), it follows that this mapping maps upon 
fax: Therefore formula (a) holds. 

Since Z is an integral element of #3, taking the value at L,(E), we 
have the equality 


wg gen (EZ) ). 
Then, by (a) and (b), 


since Bg .ij;x,---%, and w%,...;,;, are symmetric with respect to the indexes 
k,,- Therefore 


Then, by Proposition II. 5, 


dim S dim + the number of indexes in X 
= dim <A;t", 1> BE t’ (E”) ° 
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Chapter III. Prolongation Theorem. 


The problem we are going to concern ourselves with is the following: 
when the given normal system (3,) is not involutive (Definition I.17), 
what are the conditions that will assure the involutiveness of the J-th pro- 
longation P'(3,Q) of (3,0) for sufficiently large 1? By Theorem II. 2, 
it is sufficient, for that purpose, to examine (0?,3,09). We shall first study 
the ranks of the reduced polar equations of integral elements, which are 
equal to the dimensions of the A’. The Definition II. 4 suggests that they 
may be equal to the dimensions of homogeneous parts of appropriately 
defined ideals in some polynomial rings. This will be done in §1 and §2. 
Then, using the Noetherian property of polynomial ring, we shall derive, 
in §8, the crucial property of the reduced characters, which will help, with 
Proposition I1.6, to bridge the characters and the reduced characters (§ 5). 
To complete this bridge, we must choose points which are regular in some 
respects (§4), and the differential system must satisfy some conditions. 
The exact form of the conditions will be given in the fundamental theorem 
in §6. These conditions are also necessary for P'(%,Q) to be involutive. 
In §%, we shall give an example which indicates that our conditions are, 
in some respect, the best possible one. 


1, Fiber bundles associated with a system of independent variables. 
Let © be a system of p independent variables on Y. For any point z of W, 
denote by €*,U the space of all tangent vectors L to UY at a such that 
<o,L> =0 for all o€ 2. Set =E,V/E*,V. It is a p-dimensional 
space. The elements in &t,U will be called a reduced tangent vector to U 
at (with respect to 2). It is clear that VU} has a 
natural analytic manifold structure and is a fiber bundle over U with fiber 
ét.Y. Denote by pt the projection. A q dimensional subspace Et of €t,V 
will be called a reduced contact element to Y at x (with respect to ©), and 
zits origin. If »€ ©, we can naturally define <w, Ht> as a linear functional 
on Ht, The set of all gq dimensional reduced contact elements forms an 
analytic manifold ¥t(V,q). It is a fiber bundle with the base manifold U 
and with the projection pt,, mapping each element to its origin. In particular, 
we shall identify 9*(V,0) with WV. 

We shall construct a system of coordinates on Let - -, 
be linearly independent elements in ©. Set 


(5)t Ut (o',- 
= {Ete $t(V,¢) ; - -, are linearly independent}. 


of 
) 
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Let L,(Et) (r=1,---,q), be the elements in Et defined by the formula ‘i 
w 
(6)! L,(E')> =8,", (1,9 1,- - 
Define the functions “w,", (r—=1,- - on W(ol,- - -, 0%) 
by the formula is 
(46) aw," (Et) = <w%", L,(Et)>, (Ete $t(V,¢q)). 
If is a system of coordinates on then 
is a system of coordinates on Ut(w',- - -,o%). ful 
In the remainder of the present paper, (w',- - -,?) represents a base [x 


of ©. Then there is an analytic mapping yfy of Ut(w,---,w%) onto Fy, 
Ut (w',- - -,o%') defined by the formula: for Ete Ut(w,- - -, 2) 


at 
(47) nta(Et) =the space spanned by L,(Et),- -,Lq-1(E). 
Then clearly 
(48) ont, (r=1,- ‘5g—1;h—1,- ‘ ‘;p—q). of 
Let Ut be an open subset in 9*(V,q). By a cross-section of 
into €tY over Ut, we mean an analytic mapping X of Ut into €,tY such . 
that pto¥ —pt,. Since €+,Y is a module, it is clear that the set X2(U',Q) ‘ 
of all cross-section of ¥+(Y,q) into €tV over Ut forms a module over the 
ring A°Ut of all analytic functions on Ut. If UY C Ut, the restrictions of 
cross-sections over Ut to Ut” induces an additive mapping ‘ut, u”: X27(U, 0) 
Tf Ut’ cUt, then clearly ‘at’, wt” ai”? = ui, wt”. By 
the classical theorem of analytic functions, the mapping ‘zt, a” is univalent. J * ’ 
Denote by X%(w1,- -,o”) (i=1,- --,q), the element in § (50 
defined by the formula Ya 
Let -,0?;Ut) be the restriction of -,o?) to Ut. Then 
it is easy to see the following: 
Proposition TII.1. Let Ut be a connected open subset of q). 
Svs 
Then the A°Ut-module X7(U,Q) is equal to the direct sum of the A°Ut- X%, . 
(t‘=1,---,p), where (o1,- - -,w?;Ut). 
il 
An element X in X7(Ut,Q) is called proper, if X(t) € Et for any 51 


Eteut. Let X7(Ut,Q) be the set of all proper cross-section over 


to 


ny 
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is a A°Ut-submodule of X7(U,2). Suppose that UtCUt 
(w,- *,w%). Then 


564, (w?, - ity wo? Ut) = X4,(w?, UT") + > ww," w? Ut) 
h=1 

is in ¥2(Ut,Q), where %w,” is the function defined by the formula (46). 


Proposition III.2. Let Ut be a connected open set in Ut(w,- -, 4). 
Set 96% = %64,(w1,: +,07;Ut). Then A°Ut-module ¥2(Ut,Q) is equal to 
the direct sum of the A°Ut- 964, (r=—1,-- -,q). 


For any manifold VY, let [A°]V be the field of real meromorphic 
functions on Y. [A°]V is equal to the field of quotient of A°Y. Set 
[X27] (Ut,Q) @ X2(Ut,Q), the tensor product of [A°]Ut and 


X7(Ut,Q) over Set [¥27](Ut,O) [A @ X(Ut,Q). We can 


naturally identify X7(Ut,Q) and X7(Ut,Q) with submodules of [X27] (Ut, Q) 
and [X7](Ut,Q), respectively. By Propositions IIT.1 and IIT.2, we have 


Proposition 111.3. [X2](Ut,Q) is a vector space over the field [A°]Ut 
of p dimensions. Then the X;(',- --,o?;Ut) (t=1,:--,p), form a 
base of [X2](Ut,Q). If, moreover, Ut is contained in Ut(w,: - -,7), then 
[¥2](Ut,Q) is a vector space over [A°]Ut of dimension q and _ the 
(r=—1,---,q), form a base of it. 


2. Ideals associated with a normal system. Let (3,2) be a normal 
system over Y. Let p be the number of independent variables in Q. For 
any subset A of A*Y and for any open subset Ut of 9t(V,q), denote by 
(A, Ut) the A°U'-submodule of A?Ut generated by all p,t*0, A). Set 


(50) ¥2(3, Ut) = (A*Y, Ut) 4+ 2, Ul) 


¥7(3,Ut) is a module over the ring If there is an uni- 
valent additive mapping ‘Ut,wt’: Y2(3, Ut) ¥7(3, Ut"). Set 


[¥2](3,Ut) = @ Ya(3, Ut). 


[Y¥2](3,Ut) is a vector space over [A°]Ut. By the condition (ii) of normal 
systems, one sees easily that Y2(3,Ut) is torsion free. Therefore we can 
naturally identity Y2(3,Ut) with a submodule of [Y%](3,Ut). For any 
vin AY, set 


(51) (the class modulo (3% +0,Ut) containing (pgt)*@). 
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We remark that, by Definition II.1, there is a base of A*Y-modulo 
x14 0. This base consists of m elements. 


Proposition III.4. [Y%](3%,U*) is a vector space of dimension m over 
[A°]Ut. 

Let - -,@” be a base of modulo Then -, 
{o™}, form a base of [Y2](3,Ut). Y2(3,Ut) is equal to the direct sum 
of A°U'-{m}, (A—1,-- -,m). 

Denote by [Z](3,Ut) the (abstract) direct sum of the vector space 
(3, Ut) + [X27] (Ut,Q). Let 


(52) Pq (3, U') 


be the symmetric algebra over [Z](3,Ut). Thus if we choose bases 
and @,:--,@” of and of A’V modulo and if we 
set - -,0?;Ut) and Y*—{o},, then the elements in 
are expressed as polynomials X,,---,X,, Y1,---,¥™ with 
coefficients in [A°]Ut. Let 


(53) (3, U) 


by the subring of ?,(3,Ut) which is A°Ut-generated by Y2(3,Ut) and 
X7(Ut,Q). Thus the elements in ?’,(3,U't) are expressed as polynomials 
in X,,- -,X,, - -,¥™ with coefficients in A°Ut. 

By Definition II.1, we can write any ¢€ 3"! as 


(24) A of (mod 3"), 


#=1 j=l 


where Ag, and are in A°Y and + Bo. —0. Then 


=1 


is an element in ?’,(3,Ut). Of course, P¢.j; depends on the choice of the 
bases w',- - and w1,- - -,N™. But one can verify easily that the A°Ut- 
submodule S,(Ut) of P’,(3,Ut) generated by all P¢.i;, (6 € does not 
depend on the choice of the bases. Denote by T,(Ut) the A°Ut-submodule 
of P’,(3,Ut) generated by all Y-X, where Y and X run through Y4(3, U') 
and X2(Ut,), respectively. When g=0, T,(Ut) is defined to be 0. 


Definition I11.1. A,(3,Ut) is defined to be the ideal in ?,(3, Ut) 
generated by S,(Ut) and T,(Ut), (¢q=0,1,---,p—1). is 
defined to be the ideal in P’,(3%,Ut) generated by S,(Ut) and T,(Ut). 
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Definition III.2. B,(%,Ut) is defined to be the product of Y2(3, Ut) 
and A7(3,Ut). B’,(3,Ut) is defined to be the product of Y2(3,Ut) and 
A’q(%, U'). 

Proposition III.5. Let Ut be an open connected subset of Ut(w',- - -, w%), 
(cf. (5)t). Set - -,o?;Ut). Let w,---,@™ be a base of 
modulo Set Y= {w},, (ef. (51)). Define the function 
ww," on Ut by the formula (46). Then A,(3,Ut) and A’,(3,Ut) are 
generated by all 
£4 4j(U') —2 — Ag Xi) 

=1 
(54) 
h=1 
(A==1,- -,m;1,7=1,: -+,p;r—1,- --:,q) (ef. Proposition III.2 and 3). 

Let be a point of Y. Set = <A'Y, +0, Let 
(55) P(z) 
be the symme‘ric algebra over the direct sum Y(zx) + &t,¥. If we take 
bases X,,°--,X,,-and Y',---,Y" of &',Y and Y(z), then P(z) is 
canonically isomorphic to the polynomial ring R[X,,- - -,Xp, ¥+,---,Y™]. 
Let Et be a g dimensional reduced contact element to Y at zx. Then taking 
the value at Ht, we can define, for any Et€ Ut, a homomorphism 


ket: Ut) > P(z). 
More explicitly, if one take bases w1,- - -,o? and @,- --,@™ of © and of 
A’V modulo 3")+Q, respectively, then «zt is defined by the following 


formulas: 


ket(f) =f(Et), (fe avut), 
(56) ket ({@}q) = (<a, mod <3" + 0, 
kat -,0?;Ut)) = Li (ELV). 
Clearly, if UtD U", then «zt(A’,(3, Ut’) ) D Set 


(57)  A(Et) =U {xst(A’,(3,Ut)) ; Ut connected open 
neighborhood of Et in q)}. 


is an ideal in P(x). Set - -,?)] (Zt), (ct. (50)). Set 
Yim ¢@,E,Y> modulo <3" + 0,E,Y>. These are elements in P(x). Set 
h=1 


Then we have 
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Proposition III.6. is generated by all & (@€ and 
by all (Xe Etc &t,Y). Assume further that is in 


(cf. (5)t). Then A(Et) =xpt(A’,(3,Ut)) and A(t) is generated by all 
and by all 

h=1 
Similarly, we shall set 
(59) B(Et) = U Ut connected open 
neighborhood of #t in q)}. 


Then, by the definition of B’,(%, Ut), 
(59)’ B(Et) =Y(ax)-A(Et). 


8. Hilbert’s characteristic functions. Let X,,---,X, be p indeter- 
minates. Order monomials X,"- - -X,* lexicographically. Let M be the 
set of all monomials of total degree / smaller than a fixed monomial of total 
degree J. Let k be the number of elements in M. Denote by Q.(k,p) the 
number of elements in the set MX,U---UMX,. It is easy to see that 
if 1 is sufficiently large compared with k,Q.(k,p) depends only on & and p. 
Thus we can define the integer Q(k,p) =Q.(k, p) for sufficiently large /. 
The function Q(k,p) may be called the Macauly’s function. 

Let K be an arbitrary field and let J be an homogeneous ideal in the 


polynomial ring K[X.,---,X,], “homogeneous” means that => 
l=0 


I=IN KM[X,,- -,X,], where K™[X,,---,X,] is the submodule of 
all homogeneous polynomials of degree J. Set ¢'(Z) =the dimension of the 


vector space 


THeorEM IJIJ.1. (Hilbert-Macauly). For any homogeneous ideal I in 
K[X,,: - -,Xp], there is an integer 1,(I) satisfying the following conditions: 


(1) (1) > Q(¢'(1),p), 
(ii) (I) =Q(¢'(1),p), for 12 1,(1). 


For the proof, consult S. Bochner [1, p. 8]. 
When the ring K[X,,- - -, Xp] has a double degree, i.e., K[X1,- Xp] 
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=> - -,X,], and if an ideal J is homogeneous with respect to 
a,t 

the double degree, we shall set ¢%'(7) =the dimension of the vector space 

The ring P,(3,Ut) introduced in §2 is a polynomial ring over the 
field [A°]Ut. Let P,{4(3,Ut) be the module of all homogeneous polynomials 
of degree J. It has also a double degree, that is, the degree with respect to 
[¥2] (3,Ut) and to [X2](3,Ut). Denote by P_4(3,Ut) the submodule of 
all homogeenous polynomials of degrees a and / with respect to [Y2] (3%, Ut) 
and to [X7](3,Ut), respectively. Similarly we define Pl(z), P@4(z). 
p(x) is the submodule of all polynomials of degrees a and | with respect 
to Y(x) and &t,Y, respectively. 


Definition IIT. 3. 


= Ut) ) ; Ut connected open set in Ht(Y, g)}, 
2) = Max{p' (By (3, Ut) ) ; Ut connected open set in 

Ht) =¢'(A(E")), Et) = (B(E)), 

Ht) (3, Bt) (3, Ft). 

Since the dimension of the vector space P,!4(3,Ut) is independent of 


Ut, '(3,2) and w'(3,Q) are well defined integers. One sees easily by 
(59)’ that 


(60) Bt) = (Et)) 
Let w',: - -,w? be a base of Let be an element in (cf. (36) ). 
Let x be the origin of Then the set of all (dp'Z mod €*,Y), LE £, 


forms a g-dimensional reduced contact element ELt—yp(#) contained in 
Ui =Ut(o,- - -, 0%), where p! is the projection of onto The mapping 


(61) Ui +, of) 
is analytic and onto. By (39) and (46), it follows that 
(60)’ w,0*(B) (He Ue). 


Now we claim the following equality 
(62) (BE) (Be Ue). 


(cf. (45)). To prove (62), denote by S the subspace of the conjugate 
space of €,02; generated by all > = X%,...;,. Then X,....;, 
=X%,...;, for any permutation j,,- --,j: of t:,--°-°,%, and as far as the 
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linear relations among X%,...;, are concerned, we can think of X%,...4, as 
indeterminates under the conditions of symmetry stated above. Let M be the 


subspace of S generated by 
=1 
h=1 
(PE SHI; A= 1,- 1, J, ky, ‘, ki, =1,- r=1,: where 
y=p'(x). Then by (45) 
(62)’ = dim M. 
Set Et—p(F). Then 
(62)” Ht) =dim (A (#t)®4)., 
By Proposition III.6, A(£t)®:4] is a subspace of the vector space (P(x) )®4 
generated by all 
=1 
—Agin(y) 


p-a 


(PE SH); -,m; -,p; r—1,---,q). Let 
a be the homomorphism of S onto the vector space (P(z))@4 defined by 
formulas: *,Xx,) Then, by the remark in the 
beginning of this proof, a is an isomorphism. Comparing the system of 
generators of M and (A(Et)@4), we see by (60)’ that a maps A(F‘) 
upon M. Hence, by (62)’ and (62)”, the equality (62) holds. 


Lemma III.1. Let W be a real analytic manifold. Take a system of 
indeterminates W,,---,Wo. Let be linear elements in 
that is, linear combinations of Wi,---,Wa with 
coefficient analytic functions on W. Let D be a connected open subset 
of W. Then F, is considered as an element in (A°D)[W;,- > -,Wal, by 
restriction. If there is D such that Fy,- --,Fy have a non-trivial linear 
relation in (A°D)[W,,-- -,Wal, then F,,---,Fy have also a non-trivial 
linear relation in (A°W)[W3,- - -, Wal. 


Proof. By the restriction mapping, we can identify K, = [A°]W with a 
subfield of K=[A°]®. This follows from the theorem of identity in the 
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theory of functions of several complex variables. Set € Ky. 


Assume that B';=0, B'€ K. Since K can be considered as a vector space 
over the field K,, there is a base {e%} such that any B€ K can be expressed 
uniquely as 8 = Boe’, where Bo€ K, and, for almost all o, Bo is zero. Set 
B' = Bote’. Then implies that Bot¥;—0 for all o. Then it follows 
easily that F',,---, F, have a non-trivial linear relation in (A°W)[W,,-:--, Wa]. 


Proposition 111.7. Let w',- - -,% be linearly independent elements in 
9. Then, for any open connected set Ut contained in Ut(w1,- - -,%), 
$'(Ag(3,Ut)) =9'(3,0) and y'(By(SUt)) and 7,/(3,0 
= (A,(3,U')). 


Proof. We shall show first that, for any connected open sets U” C Ut, 
$'(Ag(3,Ut)) = By Proposition III.5, there is a system 
of generators F’,,---, Fy of Ag(%,Ut) such that the restrictions of F,,---, 
to Ut” form a system of generators of A,(3,U"”). Then our contention 
follows from Lemma III.1. In particular, we have 


Lemma III.1 implies that, for any connected open subsets MC Ht, 
$'(Ag(=,W")) = Assume that = W)). 
Since Ut(w',- - -,w%) is everywhere dense in §t(Y,q), there is a connected 
open set Ut in A Wt. Then ¢'(A,(3,Ut)) = 
Therefore for any Ut. in Ut(o,- -,0%), (A,(3,U")). The 
same argument proves the second equality. The third equality follows from 
the first two equalities and Definition ITT. 2. 

By Proposition III.%, the integer 1,(A,(3,Ut(o',- - -,%))) (defined 
in Theorem III.1) does not depend on the choice of w',- - -,o%. This integer 
will be denoted by 1,(3,0), 


(63) 1,(%,2) Ut +, 


Lemma II1.2. Let bea base of O. Set Ut =Ut(ol,- -, 
Let F,,- - -, Fy be elements in P’,(3,Ut). Take Et in Gt. If 
ket(F,) are linear independent, then F,,- - -,F, are also linearly independent 


m U"). 


Proof. There is a neighborhood + of Et such that, for any EVE Nt, 
are also linearly independent. If - -,F» are not 
linearly independent, there is a non-trivial relation 8,F,+- - -+ £,F,—0, 
Bi is an analytic function on Ut. There is Zt’ in Nt such that B,(#Y’) 40 
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fori=1,:--,6. Then xgt(F,),: are not linearly independent, 
which contradicts to the choice of Tt. 


Proposition III.8. Let Zt be an element in §t(Ut,q). Then, 


(i) $'(%, Bt) S 

(ii) if $'(3,#t) then y'(%, ; 

(iii) if Ut—Vt(o',- - -,o7) and if F,,- --,F, are elements of 
degree J in A’,(3, Ut) such that xzt(F1),- -,«et(F,) form a base of 
then ¢'(3, Ht) =¢',(3,2) when and only when F;,---,F, a base of 
Ag (3, Ut). 


Proof. (i) and (iii) follow from Lemma IIJ.2. (ii) follows, from 


Proposition ITI. 7. 


4. P-regular points. Let (3,2) be a normal system on VU. Let p be 
the number of independent variables. A point x of WV is called a P-semi- 
regular point of order / with respect to (3,Q) if, for any g=0,1,- - -,p—1, 
there is a g dimensional reduced contact element Ft to UV at x such that 
(3, = A point x is called a P-regular point (with 
respect to (%,@)) if there is an integer 7, such that 2 is a P-semi-regular 


point of order / for every 121). 1, will be called a weight of the ® regular 


point 
Set 
(64) S(%,0,1) {the set of all points which are not P-semi-regular 
points of order 1}; 


(65) S(3,2) = {the set of all points which are not P-regular points}. 


Clearly we have 
(66) S(3,0) =f) 
Io 


Definition III.5. Let x be a point in VU. Let Ft be a flag on €+,V 
(Definition I.11). Denote by the qg-th component of Ft (q=0,1,---, 
p—1). Ft is called a regular reduced flag (with respect to (3,0)), if 
there is an integer J, such that ¢$'*1,(3,0) =¢'(3,H,t) for any 1Z|, 
and any g=0,1,:--,p—1. 1, will be called the weight of the regular 
reduced flag 

Denote by ¥*(x) the set of all flags on E+,V. Set F*V = U{ F(x); r€ V}. 
JY is an analytic manifold and ¥t(z) is a submanifold of ¥#t*Y. The main 
theorems of this section are the following: 
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TreoreM II]. 2. S(3,Q) and S(3,0,1) are proper subvarieties of V. 


II1.3. Let « be a P-semi-regular point of order with 
respect to (3,2). If V21(%,Q), then x is a P-regular point of weight I’ 
(cf. (63) ). 

THeoreM I11.4. Let x be a P-regular point of weight ly. Assume that 
1, = 1,(3,.2). Then there is a regular reduced flag Ft on of weight lp. 
Moreover, the set RFt*(V3l,) -of all reduced regular flags of weight 1, 1s 
an open set in FY. 


LemMa III.3. Denote by S(%,Q,1;q) the set of all Et in $t(YV,q) 
such that (3, Et) << '"(3,2). Then S(%,0,1;q) proper sub- 
variety of &t(V.q). 


Proof. Take a base o',: --,o? of Q. Set UU—=U(o',- --,o?). It is 
sufficient to show that S(3,0,1;q) 1 Ut is a proper subvariety of Ut, since 
Ut is an open subset of &t(Y,q) and 9t(V,¢q) is covered by such U's. It 
is clear by Proposition III. 5 and (56) that, for any linearly independent 
fis: fy in A’, the set of elements Et in Ut such that cet 
xet(fy) are linearly dependent forms a proper subvariety of Ut. It is also 
clear that there are homogeneous elements fi,: - -,f, in A’g(3%,Ut) such 
that they [A°]t-generate Al], (3,Ut) and such that, for any Ht in Ut, 
ket(f1),° generate A'1,(3, Ht). Then Propositions III.8 (i) and 
(iii) imply that Ht is in S(3,0,1;¢) A Ut if and only if, for any subset 
fis: fig Which is a base of Al), (3, Ut), wet(fi.),° -,xet(fi,) are linearly 
dependent. Therefore S(3,0,1;¢) Ut is a proper subvariety of Ut. 


Lemma III.4. Let St be an element of t(V,q) such that, for an 
integer l, 6',(3,2) =¢'(3, Et). Assume that 1Z=1,(3,Q). Then 
= Et). 

Proof. Let w',: be a base of such that <w1, Hty,- - -, 
are linearly independent. Set - -.07). Then 


(3,2) = (3, U"')), (by Prop. III. 7), 
= +m), (by Theorem ITI. 1), 
= 0(¢'(A(Ft)),p +m), (by the assumption), 
<= (by Theorem ITI. 1), 
== Et), (by Def. IIT. 3). 


Therefore. Proposition ITT.8(i) implies that $'*1,(3,Q) = ¢$"1(3, Et). 
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By Lemma III. 4 it follows that the sequence 8(3,0,1) for 1=1,(%,Q) 


is decreasing. Hence 


(66)’ 8(3,2) 8(3,0,1). 


Proof of Theorem 2. Take w',- - -,w? and --,@” as in Proposi- 
tion III.5. Denote tentatively by p the projection 9t(V,q)—WYV. Set 
- -,%). Define the function %w," by the formula (46). Let 
N.t be the set of all Ht in Ut such that | %w,"(Et)| << for any r—1,-- -,q 
and h=1,---,p—gq. Now there does not exist Ht in p*(x) such that 
(3,2) = Ht) if and only if C 8(3,0,1;q). Since p*(z) 
is a connected submanifold of §t(V,q) and S(3%,0,1;q) is a subvariety of 
(V, q), either p(x) N S(3,0,1,q) =p2(x) or (x) N8(3,2,1,q) does 
not contain any non empty open subset of p-*(z). Therefore it follows that 
there does not exist Ht in p(x) such that $'*1,(3,Q) =¢1(3, Et) if and 
only if p?(z) because is a non empty 
open subset of p“*(2). 

Fix a point x in Y. Take an open neighborhood N of 2 and e so small 
that S(3,9,1;¢) Npt(VN) NN, is equal to the set of common zeros of 
functions f,(z,w) on p?(N)NN.t. For any system of values a= (a,"), 
(|a-"| <e), denote by =f, -). Denote by the set 
of all 2 in Y such that there does not exist Ht in p(x) such that 
(3,2) = ¢1(3, Ht). Then the conclusion reached above implies that 
S',. N is equal to the common zeros of all f,%, that is, S', is a proper sub- 
variety. Therefore S(3,0,1) = --,q—1} is a proper 
subvariety. By (66)’, S(3%,Q@) is also a subvariety. 

Theorem III. 3 follows easily from Lemma III.4. Theorem III. 4 follows 
easily from Theorem III.2 and Lemma III. 4. 


5. Regular bases. Let Lt be a reduced tangent vector to UY at 2. 
We remark that = 3 Lt (cf. (55)) and so the product v-L' 
is defined for any v€ P(x). Let Ht, x as its origin, be an element in 9t(Y, q). 


Definition 111.6. Lt is called 1,-prime to Ht (with respect to (3, @)) if 
the conditions vé€ P&4(z), 1, and v-Lt€ A(Et) always imply that 
is in A(Ft). 


Lemma III.5. Let Et be an element in $t(V,q) (¢q=0,1,- -,p—1)- 
Then there is an integer 1,=1,(Et) such that the set of reduced tangent 
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vectors Lt at the origin x of Et which are l,-prime to Et ts everywhere dense 


in 


Proof. Since P(x) isa Noetherian ring, A(Zt) =0,N- - -M Qa, where 
O,,°°°,Q,q are primary ideals of P(x). It is well known that B,— {v€ P(a); 
there is an integer 7 such that v7€ O,} is a prime ideal of P(x). There is 
an integer p, such that %,4“”"CO, (v—1,:--,a). We can assume that, 
for v=1,---,b (ba), and for any integer J, OQ, does not contain 
P(r), but that, for each vy=b-+1,- - -,a, there is an integer I(v) such 
that (x) for any 1>1(v). 6b may be equal to zero. In this case 
At) = for LZ 1,= Max{l(v) ;v—1,- --,a}. Therefore any 
vector Lt in €t,Y is l,-prime to Et. Hence we shall suppose that b> 0. 
Put 1, = Max{l(v) ;v-=6+1,:--,a} if b<a, and 1,—1 if b=a. Set 
Then 


The choice of 6 and the property CO, imply that (2) is 
a proper subspace of €t,Y—=—PN(x2) for v—1,---,b. Assume that 
(B,U---UB,) Let v be an element of where 
1=1,, such that v-Lte A(Et). Then, for v—1,---,b, v- Lte Q, and 


%,. Hence ve ie, ve Then (67) implies that 
v€ A(t). Thus the complementary set of (%,U- - N which 
is everywhere dense, consists of vectors 1,-prime to Ft. 


Definition I1I.7. Let w',: - +, be an ordered base of 9. Let x be a 
point in Y. By a dual reduced flag at x to the ordered base w1,- - -,w? we 
mean the flag Ft on &t,Y such that the g-th component F,t of Ft satisfies 
the conditions: <w%!, =- - =0 for q=0,1,-- -,p—1 
(cf. Definition IIT. 5). 

Thus for each ordered base w',: - -,w? of O, there is one and only one 
dual reduced flag at x to w',- - -,o?. Conversely, any reduced flag is the 
dual reduced flag of an ordered base, since for any base of ©, the linear 
transformation of it by non-singular matrix with constant coefficients is 
again a base of 2 (note that dwt 0). 


Definition I1I.8. An ordered base w',- -,o? of Q is called /,-regular 
at « (with respect to (%,Q)), if it satisfies the following conditions: 


(i) the dual reduced flag °F at x to o',: - -,w? is a regular reduced 
flag at x of weight 1, ; 


(67) 
t 
f 
). 
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(ii) (ELV) (cf. (6)* for i=1,- - -,p), is l.-prime to 
°F, ..* for i=1,---,p, where °#;t is the i-th component of the reduced 


flag 


THEOREM I1].5. Let (3,0) be a normal system. Let x be a P-regular 
point of weight l,. Then there is an ordered base w',- - -,w? of Q which is 


l,-regular at x for sufficiently large 1. 


Proof. If x is a P-regular point of weight J), then x is a P-regular 
point of weight / for any ]=1,. Therefore we can assume that J) = 1, (3, Q). 
Take a regular flag Ft of weight 1, at (Theorem III.4). Let E,t be the 
q-th component of Ft. Then there is a neighborhood fl, of F,t in the 
manifold of all g dimensional subspaces of €t,Y such that any reduced flag 
‘Ft, of which q-th component is in Tl, for g=1,---,p—1, is again a 


reduced regular flag at z of weight J, (cf. Theorem III.4). Let us choose ? 
N, in such a way that, for any ’E,' in Ng, the set of all vectors Lt in &+,Y 
such that the space spanned by ’H,t and Lt is in M,,, contains an interior | 
point for g=0,---,p—2. Set Then, by Lemma III.5, 
there is a vector L,t in €+,Y which is 1°-prime to °#,t and the space °F! b 
spanned by and °#,t is in where 1?=1,(°E,t) (cf. Lemma ITI. 5). 
Continuing this process, we can choose easily °F,t in and in 
(q=0,1,- - -,p—1) such that {°H#,*} form a reduced flag at is 
generated by and by and such that L,,,+ is to °F,t, where fc 
I¢—=1,(°H,*). Set 1, = Max{l°,- - -,/¢*}. Then it is easy to see that an 
ordered base of 2 such that °F is the dual reduced flag to the base is 1,-regular 
at x, since if X is l-prime to °£,' then any vector in the space spanned by XY Bi 
and but not in °F* is again J-prime to ( 
THEOREM IIJ.6. Let (3,2) be a normal system with p independent 
variables. Then there is an integer 1,(3%,Q) such that for 1=1,(3,Q) 
(3,0) — + (3, 2) 
where LSqSp and n= mCP", 
Proof. By Theorem III.2 there is a P-regular point z of weight |). yi 
By Theorem III.5, there is an ordered base w',: - -,w? of Q which is l, ane 
regular at 2. Let Ft be the dual reduced flag at z to w,- - -,o Let 2, 
(¢=0,1,- - -,p) be the g-th component of Ft. Then = ¢!(3%, E£,') (7 
for 1=1,. Hence by Definition III.3, Proposition IIT.8 (ii), 
the: 


(68) (3.0) = t!(3. E,t) 


40 
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Let be the base in dual to -, <w?, 
Then is generated by X,,- --,Xq. By Proposition III.6, is 
generated as a vector space by all 


for each g. Therefore since &¢ i;(Hq)t = and = (Lot) 
for =1,- - -,q—1, 


A A (Egat) + PO (2) 
A=1 


for g=1. On the other hand ¢w,"(#,t) =0 for h =1,- - -,p—gq, since F* 
is the dual reduced flag at to - Hence, by (58)’, = YAX,. 
Then, for q= 1, 


since (7) == Y1Pl-N(z7) +- Let - be a 
hase of modulo Then 


Since w',: -,w? is l,-regular, is l,-prime to A(H#,,'). Therefore it 
follows that the above sum is a direct sum, that is, 


t'(3%, =dim(A(#,t)@4) = t!(3, Bait) +4. 
By the definition of a, (3, Hence 
(69) t'(3, Bat) th (3, Bot) + 
Then the theorem follows from (68) and (69). 
6. The fundamental theorem. Let (3’,’) be an exterior differential 
system with independent variables on a real analytic manifold Y’. 


Definition 111.9. An integral point y of (3%’,Q’) is called normal if 
y is an ordinary integral point and if there is a neighborhood 7 of y in Y’ 
such that for any y’ in NN &°S’ 
97, Ey VU") = 0. 
Proposition I11.9. If (3’,Q’) is involutive at an integral point y. 
then y is normal. 


) 
] 
y 
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r 
it 
+ 
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Proof. By Definition I.17, y must be an ordinary integral point and 
there is a p dimensional integral element FH of (3/,9’) at y such that 
<0’, E> is p dimensional, where p is the number of independent variables 
in O’. Let w',- --,? be a base of Q’. By Proposition I.6, there is a 
neighborhood % of y in VU’ such that, for any y in NN &°%’, there is an 
an integral element E’ on which ’,- - -,w? are linearly independent. Take 
an element a,<',€yV’> € 0’, EyV’d. Since 
=0, <aywt+- - =0, that is -—a,=—0. 
Therefore y is a normal point. 


THEOREM IJI.7. Let (3,02) be a normal system on Y. Let x be a 
P-regular point wth respect to (3,2). Let w',- - -,w? be an ordered base 
of Q which is l,-regular. Construct (#13,Q) by the base w',- --,w?. Let 
y be an integral point of (13,2). Assume that 1, and that po'(y) =z, 
where po! is the projection of R ontoV=Rp. Then (R13,Q) ts involutive 
at y if and only if y is a normal point of (®1%,Q). Moreover if y ts normal, 
and if E is p-dimensional integral element of (8:3,Q) at y, then the system 
of characters of E is given by the following formula: 


+n—p + m( ; 


Sq(#) = (3,2) —t',.(%,Q) for q==1,---,p—l, 
where p is the number of independent variables in 0. 


Proof. By Proposition III. 9, it is sufficient to show that, if y is normal, 
then (@,3,9) is involutive at y. Let MN; be a neighborhood of y such that, 
for any 


1) 3129 O, Ey R —0. 
Let Ft be the dual reduced flag at x to w',- - -,w® Denote by Ht the q-th 


component of Ft. Then there is a neighborhood 71,t of £,t in 8t(V,q) such 
that, for any Ht in ,', we have the equality 


(72) t', (3, = t!(3, Et), 


because w!,- - -,w? is a 1,-regular base (cf. Lemma IIJ.3 and Lemma III. 4. 

We can choose 7, in such a way that p.'(N:;) D%,t and such that 

nta(Nt,) C Nt. (ef. (47)). First we maintain the following, for g=0,1, 


42 

( 

W 

in 

di 
(7 

su 
| 
(6 

sin 

Th 

Th 


E. CARTAN’S PROLONGATION THEOREM. 43 


(*)q: Let # be a q-dimensional integral element of (0;3,) such that 
u(Z) (cf. (61)), is in Nt, and such that its origin is in N;. Then 


dim J = dim (J(F) mod <Q, >>) 
1-1 
+n—p+m( 
p=1 
where y’ is the origin of By Proposition II. 4, (45), and (45)’, 


dim (J mod <Q, Ey R >) == t’ (EF) + n— p m ( 


<= dim Ey + n— p+ m ( = dim (J(£)). 


Therefore, by (62) and (72), it is sufficient to show that 

(73) q dim Ey = (3,0). 

We shall prove this equality by induction on qg. Let y’ be an integral point 
in Then, since CRS"), €,R >, (71) implies that 
dim ¢A,°, E, = dim <A’), Ey > = to (3, y’) =t (3,2). Assume that 
(73)q-1 is proved and that EF is a q-dimensional integral element of #13 
such that Then is a g—1-dimensional integral 
element of @,5 such that »(#’)€N,4+. Hence by Proposition II.6, (45), 
(62), (72), and (73) 


(3, = dim Ey = Q) + nN} 1— (3,Q), 


since (dp,.'H’) = p(k’). Then Theorem IIJ.6 implies the equality (73),. 
Therefore we have proved (*), for g=0,1,- - -,p—1. 

Now let / be a p dimensional integral element of (0 3,9). Then there 
is @ unique subspace FH, of such that for gq=—0,1,-- -,p. 
The spaces F, form a flag on #H. Let %,q be a neighborhood of EF, such 
that p(Ni,) CMNrand CN,t. Then for any FE Nig N 


1-1 
dim J(E) =t',(3,0) +n—p+m( SCP") 
p=0 


for g==0,1,---,p—1. This shows that, on a neighborhood of EH, in 
dR, the rank of system of polar forms remains constant, for ¢—0,1, 
‘+ +,;p—1. Therefore is an ordinary integral element. Moreover we 
have the formulas: 


1-1 
= t')(3,Q) +n—p+m( XC ; 

p=1 
Sq( = for p—12q1; 
sp(E) = — (3,0). 


t 

h 

h 
at 
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We must show that there is at least one g dimensional integral element 
E of origin y. By (*)o, we know that dimJ(y) = dim(J(y) mod <Q, E,® )>). 


Therefore we can solve the equation J(y) 0, under the conditions: 
<o', D> = 1, <o’, E, Rh» 


Let LZ, be a solution. Let HL, be the 1-dimensional contact element spanned 
by L,. Then £, is 1-dimensional integral element of @#,% such that 
p(E,) =E,t. Then, since = dim(J(£;) modulo <Q, >) by 
(*),, there is a tangent vector L. to 0, at y such that <J(E,), L2>=0, 
<o*, =1, <o', L2> = L2> =: -=<w?, = 0. Then the contact 
element Z, spanned by F, and L, is an integral element such that p(H2) = £,. 
tepeating this process, we can obtain a p dimensional integral element F at 
y on which -,o? are linearly independent. Therefore (@#,%,Q) is 


involutive at y. 


FUNDAMENTAL THEOREM. Let (3,Q) be a nornial system with p inde- 
pendent variable on Y. Let be the prolongation of (%,{). 
P'(3,Q) is defined on Y'(V,p) Let be the natural projection of 
Y, onto U. Let x be a P-regular point of (3,2). Then there is an integer 
1,(x) satisfying the following conditions: if y is an integral point of P*(%,Q) 
and if L=1,(x) then P'(3,Q) is involutive at y if and only tf y ts a normal 
point of P*(%,Q). In this case the sytem of characters of a p-dimensional 
integral element E at y is given by the following formula 


1-1 

sq(B) = tly(3, 2) for -,p—1; 


Sp(Z) 


: 1-1 
where > = ap, 
y=0 


y-1 
cy p+ mp 3(p—1) + 
h=1 


for y=1, and a, is the maximal number of linearly independent Pfaffian 
forms in 3"), 

Proof. By Theorem II1.5, there is an ordered base o',- - -,w? of 2 
which is J,-regular at x. Set 1,(a) =1,. Then the theorem follows easily 


from Theorem 11.2, Theorem III.7%, and from Proposition IT. 1. 
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7. Anexample. If one replaces the condition (70) by the following 
weaker condition : 


(74) 07, =0 


then the Fundamental theorem does not hold for this definition of normal 
point, that is, (70) does not imply (74), as one can see easily by the 
following. 


Example 2. Let UY be a 4-dimensional euclidean space with a system of 
coordinates 22,u',u?). Set o*—dzr., and w? = du’. 
Let © be the system of 2 independent variables generated by w' and w*. Let 
3 be the exterior differential system generated by 


= w+ A o?; 

Clearly the subspace: u! —u*—40 is an integral manifold of (3,9). We 
shall show that (i) there exists a P-regular point P such that u'(P) =wu?(P) 
=0, £0, £0, (ii) if y is any integral point of P4(3,2) such 
that p'(y) =P, y is an ordinary integral point and satisfies (74) but not (70). 

By Theorem IJ.2, it is sufficient to observe (#,%,Q). It is easy to 

see that 


y=1 


p= 


2 


Thus the coefficients of elements in (A’;7), when they are written by 
power series of x, 2, u', u?, do not contain ut and u?. Hence if P’ is a 
9-regular point, then the point P such that 21(P) =2'(P’), 2?(P) =2?(P’), 
w(P) =wu?(P) =0, is also a P-regular point. Moreover, it is clear that 
there is a P-regular point P’ such that 2!(P’) 40 and 2?(P’) 40 (Theorem 
III.2). This proves (i). Set 
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Then it is easy to see that e(ki,- -, ki) for any permn- 
tation x of 1 letters, and that 


e(1, 2, ky) =— (1+ 28,7) -€(1, F ky) 
y=1 


=— (1 + -€(2, ky, i hi). 


l 
Now @, is a euclidean space of dimensions 4+ 23>) (v-+1), with the 
system of coordinates “i 


Denote by ®’; the open set of 0, formed by all points such that 2‘ 0 and 
z?0. It is easy to see that ’2°R is the submanifold of defined 
by the conditions: 

= = u. 

Thus the dimension of the submanifold ’8°R 3M R7/ is 5 and the system of 
functions 2,, U4q,---a,) Where - and b:=- - -=b, 


—1, and wu can be considered as a system of coordinates on ’2°Ri3N Ri. 
It is not hard to see that 


(1) 125 kys A@(2)12; ky kys A@(3)12; ay: ay’s and A® (312; by’ 

are linearly independent modulo © at each point of #7. Their number is 
equal to dim #&,—5. Therefore any point in ’2°R.3N Ry is an ordinary 
integral point and satisfies (74). If y is in ’&°R,3N R/ and if a,—- -- 
= = 

= q,--a,(y) + (I +1)! u(y): 

at y modulo and Since and wu are independent variables 


on ’8°RiTAN R/, it follows that y is not a normal point of (0 )3,Q). 
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UNIFORM SPACES WITH UNIQUE STRUCTURE.* 


By W. F. Newns. 


1. It has been proved by A. Weil [10] that a compact space has a 
unique uniform structure, and by Dieudonné [3] that a completely regular 
(or even completely normal [4]) space can have a unique structure without 
being compact. The problem of characterizing spaces with unique structure 
has been taken up by R. Doss [7], who has given a topological condition 
for the structure to be unique. It transpired also that a space with a unique 
structure is necessarily locally compact and that its Alexandroff compactifi- 
cation was the only possible compactification (cf. also [2]). It does not, 
however, seem to have been pointed out that this last property is equivalent 
to that of having a unique structure, a fact which is not quite obvious since 
there may conceivably be many structures on a space, but only one in which 
it is totally bounded. 


THEOREM 1. In a completely regular space E, the following properties 
are equivalent: 

a) FE has a unique uniform structure ; 

b) FE has a unique totally bounded uniform structure ; 

ce) Of any pair of normally separable closed subsets of E, one at least 
is compact ; 

d) Each vicinity for each uniform structure on E contains a set of 
the form AXA, where A is the complement of a compact subset 


of E. 


Any space having these properties is locally compact, and if not compact 
its unique compacttfication is its Alexandroff compactification. 


The property c) is the one given by Doss: two closed subsets A and B 
are said to be normally separable if there exists a continuous mapping f 
of EF into the compact interval [0,1] such that f(z) 0 for x€ A and 
f(z) for B. 

If F is compact, the properties are evident, so that we assume hence- 
forth that F is not compact. In this case, the complements of relatively 


* Received August 16, 1956. 
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UNIFORM SPACES WITH UNIQUE STRUCTURE. 49 


compact subsets of / form a filter, and the property d) is clearly equivalent 


to: 

d’) The filter ¥ of complements of relatively compact subsets is a 
Cauchy Filter for every uniform structure on J. 

That d’) implies a) has been proved by Dieudonné [3, 291] by observing 
that any ultrafilter on # must either converge or be finer than ¥, and hence 
that any completion of # has just one extra point and is compact, i.e., is 
the Alexandroff compactification. The property d) is useful in establishing 
that a given space has a unique structure (cf. [3], and [1, Chap. IT, § 4, 
Exere. 12]). 

It is obvious that a) implies b). To show that b) implies c), let U, 
be the unique totally bounded structure. Since any structure U on F is 
finer than some totally bounded structure [1, Chap. IX, §1, Exere. 6], it is 
finer than %,.. Thus VU, is the coarsest structure on H# and is therefore the 
Alexandroff structure [ibid., Exerc. 11]: the completion # has just one point 
» at infinity. Now let A and B be closed subsets of H normally separated 
by f. Since # is the Stone-Gech compactification of #, f is uniformly con- 
tinuous in the structure induced on £ by that of #, and hence extends to F£. 
If A is not compact, we have w€ A, so that f(w) —0. Thus o¢ B (other- 
wise f(w) 1) so that B is closed in # and therefore compact. 

Since the last part of the theorem has already transpired, it remains 
only to prove that c) implies d’): i.e., that given any continuous écart f and 
any « > 0, there exists A € ¥ such that f(z,y) Se whenever x€ A and y€ A. 
Let V =f-'([0,¢/3]) and suppose that V(z) is not compact: then since 
V(z) and the set {y:f(y,z) 2«/2} can be normally separated, the latter 
must be compact, and hence its complement A must belong to ¥. If 2 and y 
are any two points of A we have f(z,y) Sf(a,z) +f(y,z) Se as required. 
It remains to prove the existence of z. Now if no such z existed, then V(z) 
would be compact for all x€ H, so that H would be complete and para- 
compact [1, Chap. II, §4, Exerc. 10], hence normal [6]. But this means 
that, contrary to hypothesis, Z would be compact in view of the following: 


A normal space satisfying c) is countably compact. 


For if not, there would exist in # a sequence (2,) of distinct points 
without a limit point. The sets {72,} and {22»,,} would then be closed and 
disjoint hence normally separable, contrary to c) since neither is compact. 

This completes the proof of Theorem 1, so that the result just proved 


may be stated: 
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W. F. NEWNS. 


THEOREM 2. A normal space with a unique structure is countably 


compact. 


This is, in fact, a special case of a known result [1, Chap. IX, §4, 
Exerc. 24] to the effect that a normal space which is totally bounded in al! 
its structures is countably compact. Contrary to a statement by Dickinson 
[2, Theorem 3], the assumption that the space is normal cannot be omitted 
from the result. Miss Dickinson showed that the sets {%on} and {22n,;} 
could be enclosed in disjoint neighbourhoods (without assuming normality) 
and then asserted that the condition c) is violated (thus implicitly assuming 
normality). We shall now exhibit a space with a unique structure which 
is not countably compact. 

Let w,Q be respectively the first ordinals of the second and third kind, 
Ey, Fy the intervals [1,], [1,9] endowed with the open interval topology, 
and 7’ the complement in FE, x Fy of the point (w,9). The space T was 
first discussed by Tychonoff [8] and has been shown to have a unique struc- 
ture by Dieudonné [3]. It is clear that T is not countably compact (contrary 
to [5, § 4]), the sequence {(n,Q)}, for instance, having no limit point. 
It is easy, moreover, to verify directly that the sets A—{(2n,Q)} and 
B = {(2n—1,Q)} have disjoint neighbourhoods but are not normally separ- 
able. Indeed, if V is any neighbourhood of Q in Fy, the sets {n} X V are 
mutually disjoint, and suitable unions form the required disjoint neighbour- 
hoods: if f separated A and B, then for each n we could find «, such that 
for «= a we have f(n,x) =} or f(n,x) = 3 according as n is odd or even; 
if «<Q majorised {a}, we should then have f(n,a#) =4 for n odd and 
f(n, a) = # for n even, contrary to the continuity of f at the point (, «). 


2. It is natural to ask whether the property of having a unique struc- 
ture is inherited by subspaces. Since frontier points are potential points 
at infinity, it is the closed subspaces which are most likely to have this 
property. 


THEOREM 3. A closed subspace of a normal space with a unique struc- 
ture has itself a unique structure. 


For iet A, B be normally separable closed subsets of the closed sub- 
space F of Z. Then A and B are closed in F and disjoint, hence normally 
separable. Since H has a unique structure, either A or B is compact, so that 
F satisfies the condition c) of Theorem 1 and hence has a unique structure. 

A glance at Tychonoff space above will show that the result may fail in 
non-normal spaces. Indeed, the assumption that F# is normal is necessary. 
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UNIFORM SPACES WITH UNIQUE STRUCTURE. a] 


TuHeEoreM 4. Jf every closed subspace of a completely regular space EF 


has a unique structure, then EH is normal. 


For let A be any closed subset of # and f a continuous real-valued 
function defined on A. The closure A of A in the completion # of E is 
the completion of A for its unique structure. The function f, being uniformly 
continuous on A, extends by continuity to 4; but since # is normal, f may 
be further extended to #, and its restriction to F is then a continuous exten- 
sion of f from A to F. 

A subspace may have a unique structure without being closed, as is 
shown by regarding a non-compact space with unique structure as a sub- 
space of its compactification. However, it is clear that a subspace with 
unique structure must either be closed or have a compact closure. In par- 
ticular, this means that the closure of a subspace with unique structure also 
has unique structure. 

The union of two sets with unique structure need not have a unique 
structure: the topological sum of two spaces with unique structure (and 


non-compact) will have two distinct structures, the Stone-Gech compactifi- 


cation providing two points at infinity. 

The intersection of two sets with unique ‘structure need not have a unique 
structure: in the compact space Hy X Fy above, the subspace Ey X {Q} is 
compact, but its intersection with 7 has not a unique structure. 


3. The product of two spaces with unique structure will not in general 
have a unique structure. Indeed, if a product has a unique structure, then 
either one of the factors is trivial (i.e., consists of a single point) or both 
are compact: for let H be non-compact, F non-trivial, 2), Fy) compactifi- 
cations of # and F respectively, » a point at infinity in Hy and x,y distinct 
points of F'; then Hy X F, is a compactification of FH & F having two distinct 
points at infinity, namely (w,7) and (o,y). 

If £ is a space with unique structure and FR an equivalence relation on 
EF such that Y/R is completely regular, then the quotient space will also 
have a unique structure. This is an immediate corollary of the following 


result : 


THEOREM 5. Let EF be a space with unique structure and f a continuous 
mapping of EF into a completely regular space. Then f(F) has a unique 
structure. 


For if A. B are closed in f(#) and normally separated by a function g, 
and f-"(B) are closed in and normally separated by the function 
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W. F. NEWNS. 


g°f. By Theorem 1, one of these sets, say f-'(A), is compact, and hence 
so is A=f(f1(A)). Applying Theorem 1 again, we see that f(#) has a 


unique structure. 


4. Let # be a space with unique structure, FY a completely regular space 
and f a continuous (1,1) mapping of F onto F. Then if / is compact, 
so is F, and f is a homeomorphism. The mapping f will also be a homeo- 
morphism in the case where F (and hence F) ts non-compact: for if Fy is 
any compactification of F’, f is uniformly continuous as a mapping of EF 
into Fy, hence extends to a mapping f of F onto F,, onto since f(£) is 
compact and everywhere dense; since # has just one point at infinity, so 


has F,, and f is (1,1), hence a homeomorphism. 

The case where F is compact but F is not can easily be seen to occur, 
so that f will not always be a homeomorphism. We need only take F to be 
a non-compact space with unique structure and F the quotient space obtained 
by identifying, in /, some point of / with the point at infinity. It follows 
that the topology of a (non-compact) space with unique structure is not a 
minimal completely regular topology, though all strictly coarser topologies 


must be compact (cf. [9]). 


UNIVERSITY OF LIVERPOOL. 
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THE CRITERIA FOR ALGEBRAIC EQUIVALENCE AND THE 
TORSION GROUP.*?* 


By T. Matsusaka. 


Let V be a variety in a projective space, non-singular in co-dimension 1. 
We assume that the reader is familiar with the notion of numerical, algebraic 
and linear equivalence of divisors, as well as algebraic families of divisors 
(Weil [14], Chow-v. d. Waerden [2]). Let us denote by G(V), Ga(V) 
and G,(V) the groups of V-divisors, V-divisors algebraically equivalent to 0 
and V-divisors linearly equivalent to 0 respectively. When V is non-singular, 
let us denote by G,(V) the group of V-divisors numerically equivalent to 0. 
The set of V-divisors X, such that mX is in Ga(V) for a certain positive 
integer m, forms a group containing G,(V) and the factor group of it with 
respect to G,(V) is called the torsion group of V-divisors. By Néron’s result 
(Néron [8]) G(V)/Ga(V) is finitely generated; therefore the torsion 
group of V-divisors is a finite group. One of the aims of this paper is to 
show that when V is non-singular, the torsion group is nothing but 
G,(V)/Ga(V). We shall prove this directly and we shall not assume Néron’s 
result. Since we need an equivalence criterium for algebraic equivalence, first 
we shall settle that. This includes, as a special case, the criterium which is 
formulated in terms of the Poincaré normal function in the classical case of 
algebraic surfaces (Zariski [16], pp. 128-132). 

Let V and V’ be two complete non-singular varieties, and f be a birational 
transformation of V onto V’. Then it is not difficult to see that when Z is a 
V-divisor such that mZ is algebraically equivalent to 0 on V, f--f(Z) =Z. 
The same is true for V’-divisors of the same nature. From this it follows 
that the torsion group is an absolute invariant of a class of birationally 
equivalent non-singular complete varieties. But it is not so, when we consider 
a class of birationally equivalent complete varieties, non-singular in co- 
dimension 1. For instance, the quotient variety of an Abelian variety A by 
the group of automorphisms consisting of § and —§&, which is usually called 
the ordinary Kummer variety of A, is non-singular in co-dimension 1 and 
has a finite number of singular points; moreover, it is easy to see that it has 


* Received March 15, 1956; revised October 17, 1956. 
* This research was supported by the National Science Foundation. 
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a non-trivial torsion group of divisors. On the other hand, when we 
desingularize it, we get a complete non-singular variety without a torsion 
group of divisors, as was shown recently by Spanier (cf. E. Spanier, “The 
homology of Kummer Manifolds,” Proceedings of the American Mathematical 
Society, vol. 7, 1956). 

We assume that the reader is familiar with Weil’s fundamental works 
(Weil [12], [13]) and we shall follow the same terminology and conventions. 
If two divisors X and Y on V are such that Y=YmodG,(V), we shall 
write X ~ Y. We shall denote by 2*, R* cosets of G@(V) moduloG,(V) and 
G,(V) respectively. If 2* or 2* contains a divisor X, we shall write some- 
times %*(X) or L*(X) for A* or V*. In the same way, when V is non- 
singular, we shall denote by 9* a coset of G(V) moduloG,(V) and when 
it contains a divisor X, we shall write N*(X) for N*. We shall denote by 
N, (resp. R(X), W(X), L(X)) the sets of positive divisors in M*, W*, 
(resp. N*(X), U*(X),2*(X)). It is well-known that & is an algebraic 
family, usually known as a complete linear system. Let X be a PV- 
divisor and L(X) be the module of rational functions f on V such that 
(f)>—X. We shall denote by /(X) the dimension of L(X) over the 
universal domain, which is dim&(X)-+1, where dim&(X) means the 
dimension of Q(X) as an algebraic family, i.e. the smallest dimension of 
varieties which parametrize 2(X). 

Let Y be a positive cycle in a projective space. Regarding the set of 
coefficients of the Chow-form (Zugeordnete Form) of Y, arranged in a 
certain order, as a set of homogeneous coordinates of a point, we call it the 
Chow-point of Y. If an integer d is given, the set of all positive V-divisors 
of degree d forms a finite set of algebraic families (Chow-v. d. Waerden [2]). 
Each such family is called a mazimal algebraic family since it is not con- 
tained in another family consisting of positive divisors of the same degree. 
An algebraic family % is called total, if for any V-divisor Z algebraically 
equivalent to 0, there is a divisor Y in § such that Z~X — Xp, for a fixed 
divisor X, in § (Matsusaka [3], Th. 1). We shall say that an algebraic 
family is defined over a field K, if its Chow-variety (i.e. the set of corre- 
sponding Chow-points) is defined over K. About maximal algebraic families, 


we know the following results. 


THEOREM 1. Let V be a projective variety, non-singular in co-dimensvon 
1, and C be a hyperplane section of V. (i) For a given divisor X, there 1s 


a positive integer my such that whenever m= mp, there is a total mazimal 
family in U(X + mC). (ii) If § and F are two total maximal families of 
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ALGEBRAIC EQUIVALENCE AND 'THIE TORSION GROUP. 


divisors on V in the same coset A*, then F—=F’. (iii) Assume that V ts 
non-singular. If a V-divisor X is given, there is a positive integer my having 
the following properties: whenever m= mo, U(X + mC) ttself is a total 
algebraic family; any two divisors in U(X -+ mC) determine complete 
linear systems of the same dimension; and for any divisor Y in U(X + mC), 
2(1") contains a non-singular variety. 

For these, see Matsusaka [5], Th. 2, Lemma 2. 

We can define specializations of cycles on projective varieties. Specializa- 
tions are compatible with the operations of addition, multiplication and 
algebraic projection. As far as positive cycles are concerned, specializations 
are compatible with the operation of intersection-product. Moreover, when 
the ambient variety is non-singular in co-dimension 1, algebraic equivalence 
and linear equivalence of divisors are preserved by specializations. For the 


general treatment of specializations, we refer to Shimura [10]. We shall 


write ¥— X”’ refk, when a cycle X’ is a specialization of a cycle X with 
reference to 

Let V be a variety defined over a field & in a projective space and H,,-- -. 
H, be s independent generic hypersurfaces in the ambient space over k. Then 
V-H,- - -H, is defined and is a variety; and it is non-singular (resp. non- 
singular in co-dimension 1) when V is non-singular (resp. non-singular in 
co-dimension 1) (Weil [14]). Let us call it a general variety on V generic 
over k. When we say that a variety W is a general variety on V, it is under- 
stood that W is a general variety on V, generic over a certain field of 
definition for V. 


1. Let us fix once for all a projective variety V, non-singular in co- 
dimension 1 and an algebraically closed field of defintion k of V. We 
regard k: as a basic field and all fields will be assumed to contain k. 


LemMA 1. Let W be a general variety on V generic over k and K be 
acommon field of definition for V and W. Let X and X’ be V-divisors such 
that X¥ + X’ ref K and that X-W is defined. When 


(1) (X,X-W)—> (X,Y) ref K, (2) (X,X-W)— (X, Y*) ref K, 


are two specializations of (X,X-W) over XX’ ref K, then Y and Y* are 
linearly equivalent on W.? 


Proof. First let us consider the case when X is positive . Then X’ is 


*The writer wishes to take this opportunity to correct the error in the proof of 
Prop. 2, Matsusaka [3]. Prop. 2 itself is an immediate consequence of this lemma, 
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also positive. We can find projecting cones R and R’ of X and X’ respec- 
tively such that 


R-V=X-+N, deg(h) = deg(R’) = deg(X) deg(X’), 


that N-W, N’-W are both defined and that F” is the uniquely determined 
specialization of 2 over the specialization X — X’ ref K (for projecting cones, { 
see v. d. Waerden [11], pp. 634-635). Let H be a hypersurface of the same f 
degree as defined over K such that H- V and H- W are both defined. We 
have Y~H-V—WN, X’~H-V—N’. By the compatibility of specializa- t 
tions with the operation of intersection-product, X—> X’ ref K determines 
uniquely the specialization (X,N,N-W)— (X’,N’,N’-W) ref K. Hence 0 
(1) and (2) determine uniquely specializations d 
(X,X-W,N,N-W) — (X’, Y, N’, W) ref K, 
(2’) (X,X-W,N,N-W) — (X’, Y*,N’, W) ref K. B 
Since linear equivalence is preserved by specializations and since ‘-W r 
~H-W—WN-W, we get, from (1’) and (2’), the following relations: 
X~H-:-W—WN’-W, Y*~N-W—N’-W. This proves our lemma in the 
case when YX is positive. hy 
Suppose that Y is not positive and write Y¥ =X,—JX., ,; >0 for th 
i=1,2. Let 
(X’, Y, Xo’, Ze) vet K, 
(X,X-W, Xi, (X’, ¥*, ref K, the 
be extensions of (1) and (2) respectively. We have X’—X,’— JX,’ and by 
what we have seen already in the case of positive divisors, Z, ~~ Z.*, Z2 ~ Z,*. we 
Since we have Y =Z,—Z, and Y* =—Z,*—Z,*, 
which prove that Y ~Y*. Thus our lemma is proved. (r( 
Lemma 2. Let U bea variety in a projective space L, and f be a rational a 
mapping of U into a projective space L. such that f is everywhere single- div: 
valued. Let X be a subvariety of U and X’ be a specialization of X over a vs 
common field of definition K for U and f. If the image of X by f ts « 

d-dimensional variety, there is a component of X’ such that its image by | ‘a 
has at least dimension d. 

hom 
Proof. It is clear that if our lemma is true when U is a norma! variety. § Abe 
it is true in general, by passing from the given variety to its derived normal § that 


ara 


variety. Therefore, let us assume that U is a normal variety. Let Z be the 


| 
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graph of f. By our assumption, f is everywhere defined on U. There is 
a uniquely determined subvariety X* of Z of the same dimension as .\ 
with the projection XY on U (Weil [12], Chap. 4, Th. 15). Let (X,X*) 
(X’,Y) ref K be an extension of ref K on X Ly. By the com- 
patibility of specializations with the operation of algebraic projection, we see 
that pr, Y =X’, where pr, is the operation of algebraic projection on the 
first factor of the product X Hence if X’ is the reduced 
expression for X’, Y = >) a;Z;* is the reduced expression for Y, where Z,* is 
the uniquely determined subvariety of Z with the projection Z; on U. 

Let H be a generic linear variety of co-dimension d in L, over a field 
over which X,X’ are both rational and K(w) be the smallest field of 
definition for H containing K. Then (X,X*)—(X’, Y) ref K(u) on DL, X Lx. 
Since X¥*-(L, x H), Y-(L, X H) are both defined (Weil [12], Chap. 5, 
Prop. 2), we see that (LL, X H) ref K(u) on L, X Ln. 
Because of the fact that the former is not empty, the latter cannot be empty. 
This proves our lemma. 


LemMMA 3. Assume that V is normal and let X be a positive V-dwisor. 
Let K be a field of definition for V over which X ws rational and let C be a 
hyperplane section of V, generic over K. There ts a positive integer ho such 
that whenever h=ho, the complete linear system 2(X +hC) induces a 
complete linear system on C. 


This is the so-called Castelnuovo lemma in the classical case. As to 


the proof, see Matsusaka [5], p. 126. 


2. Let us recall some of the known results on Picard varieties which 
we shall need later. Let U be a complete algebraic variety, non-singular in 
co-dimension 1 and K be a field of definition for U. Let G be a subset of 
G(U). and f be a mapping of G into an algebraic variety W with the 
following properties: (i) f is defined outside of a proper subset of G; (ii) 
there is a common field of definition K’ for U and W such that when Z is a 
divisor in G, rational over a field K* containing K’, f(Z) is rational over 
K* if it is defined. When f satisfies the above conditions, then we shall say 
that f is a rational mapping of G and K’ is a field of definition of f. More- 
over, if G is a subgroup of G(U), W a group variety and f a group- 
homomorphism, we shall say that f is a rational homomorphism. There is an 
Abelian variety P and a rational homomorphism f of Ga(U) onto P such 
that the kernel of f is G,(U) and that f has the universal mapping property as 
a rational homomorphism of G,(U) into an Abelian variety. P is called th» 
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Picard variety of U and f is called the canonical homomorphism of G.(U) 
onto P. When U is a projective variety, we may take P,f to be defined 
over K and when dim U > 2, the Picard variety of U and the Picard variety 
of a general variety on U of dimension at least 2 differ by a purely inseparable 
homomorphism. As to these, see Chow [1]; Matsusaka [3], [4], [6], [7]; 
Néron-Samuel [9]. 

Let us asume, from now on, that V is a normal variety. Let W be a 
general variety on V generic over k and k(w) be the smallest field of definition 
for W. Then k(w) is a purely transcendental extension of k. We regard 
(uw) as a parameter on which W depends over the field &, and we shall write 
sometimes W, for W. W is a normal variety since V is normal (Zariski [15], 
Th. 3). Let us denote by P(V) and P(W) the Picard varieties of V and W. 
Then as we have remarked already, we may assume that P(V), P(W) are 
defined over k and over k(w) respectively, together with the canonical homo- 
morphisms. Let % be an algebraic family of positive V-divisors defined over 
a field K and assume that W,, is a general variety on V generic over K. Let 
X be a generic divisor of % over K(u) ; then X- W, is defined and is rational 
over a regular extension of K(u). Let % be the set of specializations of 
X-W, over K(u), which we shall call the family induced on W, by &. 


Lemma 4. Let % and %* be two total maximal families of positive 
V-divisors and W, be a general variety generic over a common field K of 
definition for V,% and %*. Let X and X* be generic dwisors of % and }* 
over K(u) and assume that 2(X), 2(X*) induce again on W, complete 
linear systems. (i) If dimW,—1 and tf the induced familtes %, 3’ 
contain W,-divisors linearly equivalent to each other on W,, then % and }*” 
coincide. (ii) If dimW,>1 and if 8 and %* contain diwisors alge- 
braically equivalent to each other on W,, then % and %*’ coincide. 


Proof. According to Weil’s equivalence criteria for linear equivalence 
(Weil [14], Cor. 2, Th. 7), any V-divisor Z such that Z-W,~0 on W, is 
linearly equivalent to 0 on V, provided Z is algebraically equivalent to 0. 
Let us omit to write w and let P(W) and f be the Picard variety of W and 
the canonical homomorphism of G,(W) onto P(W), both defined over K (uw). 
Let us assume that dim W—1; let Y and Y* be W-divisors contained in 
> which are linearly equivalent to each other on W and T,T* be the 
loci of f(Y-W—Y), f(X¥*-W—Y*) over the algebraic closure of K(u) 
respectively. Then J and T* are Abelian varieties in P(W) and T=T7* 
since § and %* are maximal total families. TJ is isogenous to the Picard 
variety P(V) of V (in fact, differs from P(V) by a purely inseparable homo- 
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morphism) by Weil’s equivalence criteria for linear equivalence. Let x be a 
generic point of 7’ over the algebraic closure K’ of K(u). Then by the main 
theorem on Jacobian varieties (Weil [13], Th. 19), there is a positive W- 
divisors Z of the same degree as Y, Y* such that f(Z —Y) =x=f(Z— Y*). 
Let X, and X,* be generic divisors of 3% and %* over K(u) such that 
{(X.;:W—Y) Then X,;W~YX,*-W~dZ. By 
our assumption, &(X,), &(X,*) induce on W complete linear systems. There- 
fore, 2(X,) = L(X,*) —L(Z) and L(Z) is contained in both and %*’. 
Let K* be a field of definition for the algebraic family 2(Z) containing K’ 
and Z* be a generic divisor of 2(Z) over K*. Then X,-W and X,*-W are 
specializations of Z* over K* and, a fortiori, over K’. This proves (i) when 
we take the definition of induced families into account. 

Assume that dim W>1. The same equivalence criteria of Weil show 
that 3’ and %*’ are total families on W since P?(V) and P(W) have the 
same dimension in this case (Chow [1], Matsusaka [7]). By our assump- 
tion, 3’, ¢*” contain divisors Y and Y* which are algebraically equivalent 
to each other on W. Hence 3’ and %* coincide by Th. 1, (ii), provided 
both are maximal families. But since generic divisors of § and %* over 
K(u) are such that the complete linear systems determined by them induce 
on W complete linear systems by our asumption, %’ and %}*’ must be maximal. 
Our lemma is thereby proved. 


Proposition 1. Let % and %* be two total families on V; let K be 
an algebraically closed common field of definition for V, & and %*; let Wy 
be a general variety on V generic over K and %, §* be the families induced 
on W, by & and %* respectwely. Assume that % = %*’. (i) When dim W, 
=1, there is a finite set of subvarieties D,,---,D, of V depending only 
upon W,, such that if X and X* are divisors in § and %* respectively, X — X* 
is algebraically equivalent to a linear combination > m,D; of the Dj. The 
D; have the property that SaD,;=OmodG,(V) tf and only tf a,—0. 
(ii) When dim W,, > 1, § and %* belong to the same coset of G(V) mod G,(V). 

When and %* are both maximal and total, then = if every 
in the case when dimW,—1. when dim W,>1. 


Proof. Let X and X* be generic divisors of % and %* respectively over 
K(u) and C be a hyperplane section of V rational over K. By using 
our Lemma 3, we see that when m is sufficiently large, Q(X + mC) and 
&(X*+ mC) again induce on W, complete linear systems. Let 3, and %,* 
be maximal families containing X¥-+ mC and X*-+ mC respectively as 
members. Then it is easy to see that %, and %,* are both maximal total 
families and by our assumption the induced families %,’ and %,* contain 
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common W,-divisors. By our choice of and C, ¥ + mC and me 
are linearly equivalent to generic divisors of %, and %* respectively over 
K(u). Therefore, %,’ and %,* coincide by Lemma 4. If (i) and (ii) are 
true for 3, and %,*, they are also true for % and %*. Hence let us assume 
that % and %* are both total and maximal. 

Let U and U* be the Chow-varieties of % and %* (the set of Chow- 
points of divisors in § and %*) and z,2* be the Chow-points of X,X*. Let 
hu; hu*,gu be the rational mappings from U,U* and from U X U* defined 


as follows: 
hy (2) = fu( (X¥ — Xo) hy* (x*) = fu( (X* —Xo) Wu) : 
X fu( (X —X*) - Wy), 


where X, is a fixed rational divisor in % over K and f, is the canonical 
homomorphism of G,(W,) onto P(W,). Since W, is defined over K(u), 
we may assume that P(W,,) and f, are both defined over K(u). Of course, 
the second and third formulas have a meaning by our assumption; h,(z) 
and h,*(2*) have the same locus A, over K(u), which is an Abelian 
variety on P(W,) and differs from the Picard variety P(V) of V bya 
purely inseparable’ homomorphism. Let us observe that hy,h,* and g, are 
everywhere single-valued rational mappings defined over K(u); this is an 
immediate consequence of our Lemma 1. 

Let 0, be the neutral element of P(W,) as a group, which is also the 
same for the group A,. Let us prove that g,-1(0,) contains a component Z, 
defined over a purely inseparable extension of. K(u) such that when -y X 4° 
is a generic point of Z, over the algebraic closure of K(w), y and y* are 
generic points of U and U* over K(u). We have gu(x X x*) = h(x) — hu*(2*) 
and hence g,'(0,) consists of points y’ X y*” such that hy(y’) =hu*(y*). 
Let us put hy(z)=w. It is not difficult to see that h,-1(w) consists of 
Chow-points of divisors contained in 2(X) by Weil [12], Chap. 6, Th. 11 
and by the criteria for linear equivalence. Let y* be a generic point of U* 
over K(u) such that h,*(y*)=w and Y* be the divisor in %* with the 
Chow-point y*. Then again h,*~-*(w) consists of Chow-points of divisors in 
2(Y*). Therefore, the point sets | hy*(w)|, | hu*-?(w)| are the point sets 
of Chow-varieties of 2(X),2(¥*) respectively. Let us assume that «x and 
y* are independent generic points of | h,*(w)|, | hu*-?(w)| over the algebraic 
closure of K(u,w); let Z, be the locus of z X y* over the algebraic closure 
of K(u). We see that Z, is contained in a component of g,-*(0,) and 2,¥* 
are generic points of U, U* over K(u). Let T be a component of gy-*(0u) 
containing Z, and t X t* be a generic point of T over the algebraic closure 
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of K(w). Then h,(t) —h,*(t*) —w’ is a generic point of A, over K(u) 
| and is a generic specialization of w over the algebraic closure of K(u). 
Therefore, by our choice of z,y*, ¢ X ¢* must be a generic specialization of 
tX y* over the algebraic closure of K(u). This proves that T—Z,. Now 
let (Zy’, x’, y*’) be a generic specialization of (Z,,z7,y*) over K(w). Then 
hy(2’) =h,*(y*’) =w’ is a generic specialization of w over K(u). Since 
A, is defined over K (wu), it follows that w’ is also a generic specialization of w 
over the algebraic closure of K(u). Therefore (w,hy*(w),hy*-"(w)) is a 
generic specialization of (w’,hy*(w’), hy*-'(w’)) over the algebraic closure 
of K(u). This shows that Z, and Z,’ coincide by the definition of Z,. Thus 
our assertion is proved. 

Now we are in position to prove our proposition. Let © be the set of 
specializations of Z, over K in.the ambient space of U K U*; © is an algebraic 
family of varieties defined over K and Z, is a generic variety of it over K. 
Let w’ be an independent generic specialization of wu over K, then Zy is also 
| a generic variety of G over K. Moreover, Z, is also a generic variety of G 
over K(w) and consequently Z, is a specialization of Z, over K(u). Since 
gy, is everywhere single-valued and since Z, is such that every point on it is 
mapped to one and the same point 0,, it follows that every point on Z, is 
mapped also to one and the same point by g, according to Lemma 2. Let 
us denote such a point on P(W,) by Q(wu’). Since Zy is defined over a 
purely inseparable extension of K(u’), there is a positive integer m such that 
it is defined over K(u’?”), where K(u’””) is the image of K(w’) by the 
automorphism of the universal domain defined by zz”. Let R be the 
locus of 7” =u’? over K, which is a rational variety since K(wu’) is a purely 
transcendental extension of K. Put vw”. We get a rational mapping f 
from R into P(W,) defined over K(w) such that f(v’) —Q(w’) and that 
(v,Q(u)) is a specialization of (v’,Q(u’)) over K(u). On the other hand, 
every rational mapping from a rational variety into an Abelian variety is a 
constant by Weil [13], Cor., Th. 8. Hence f(v’) —Q(u’) —0, and from 
this we see that (Y —Y*)-W,~0 on W,. Therefore, when dim W, > 1, 
X¥~Y* and when dimW,—1, X—Y*~>m,D; where the D; are sub- 
varieties of V having the properties stated in our proposition (Weil [14], 
Cor., Prop. 5). Thus we have proved (i) and (ii). The rest of our assertion 
follows from Theorem 1. 

Let C be a general curve on V generic over k, J be the Jacobian variety 
of ( and ¢ be the canonical function of C into J. Let us associate to every 


positive V-divisor XY the point 


S(g(C-X)) =f(X), 
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which is the sum of the components of C-X on J. In the case when C-X 
is not defined, let Y be a divisor linearly equivalent to X such that C’- ¥ is 
defined, then we define f(X)—f(Y). This definition is compatible with 
specializations by Lemma 1. 

Let % be a total family on V defined over & and X, be a fixed rational 
divisor in % over k. When X is a generic divisor of % over a common field 
of definition K for C,J and ¢,f(X)—f(Xo) has a locus A over K which is 
an Abelian variety in J, and differs from the Picard variety of V by a purely 
inseparable homomorphism. Let us prove the following theorem. 


THEOREM 2. Let C, J, ¢, A be as described and Y,Y’ be two positive 
divisors of the same degree on V. Let D,,- - -,D, be subvarieties of V with 
the properties stated in Prop. 1. If Y and Y’ are algebraically equivalent 
to each other, f(Y) and f(Y’) differ by a point of A. Conversely, when 
f(Y) —f(Y’) ts a point of A, Y—Y’ ts algebraically equivalent to a linear 


combination of D,,- - -,Ds. 


Proof. Suppose that Y —Y’ is algebraically equivalent to 0. Let § be 
a total family on V and X, be a fixed divisor in %. There is a divisor X 
in such that Y—Y’~X—X,. Hence f(Y) —=f(Y’) —=f(X) —f(X) 


which is a point on A. Therefore, we get the first assertion. 

Let W be a hyperplane section of V and let us take m so large that there 
are total maximal families G, G’ such that © is contained in 2(Y + mW) 
and @’ is contained in &(Y’-+ mW) (cf. Th. 1.). Let K be an algebraically 
closed common field of definition for V,C,J,¢, A, %, G, G’ and Z and Z’ be 
generic divisors of © and W’ over K. By the Lemma 3, we may assume that 
2(Z) and 2(Z’) induce on C complete linear systems. Since & and ©’ are 
total, the loci of f(Z),f(Z’) over K are of the form A,, A». Our assumption 
shows that f(Y + mW) —f(Y’+ mW) +a where a is a point on A. Hence 
A», Ay have a point in common, and consequently A,—=A,. On the other 
hand, since 2(Z) and &(Z’) induce on C complete linear systems, & and 
induce on C the same algebraic family, as can be seen easily by using the 
fundamental theorem on Jacobian varieties (Weil [13], Th. 19). Then our 
assertion follows from Prop. 1. 


Remark. It is very desirable to eliminate the subvarieties D,,- - -,); 
from our theorem. In order to do so, we have to eliminate them from Weil’: 
equivalence criteria. In particular, we have to do so for Weil [13], Th. ?. 
Suppose that W is a general surface on V generic over k. Assume that W 
has the property that the generic linear pencil contained in the linear system 
of hyperplane sections on W does not contain reducible members. Let H be 
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a generic hyperplane with respect to V and W and take W-H to be a general 
curve on V generic over k. Then we can eliminate those special subvarieties 
from the equivalence criteria for linear equivalence and our theorem becomes 
as follows. 

The necessary and sufficient condition that Y and Y’ are algebraically 
equivalent is that f(Y) and f(Y’) differ by a point of A. 

Those algebraic surfaces which do not fulfill the above mentioned property 
are known to be the ruled surfaces or the Steiner surfaces in the classical 
case. But this difficulty may be avoided by applying a birational transforma- 
tion to V. In fact, there is a normal projective variety V’, birationally equi- 
valent to V, such that a general surface on V’ has the above mentioned 
property (cf. Néron-Samuel [9], § 4). 


THEOREM 3. Let W be a general variety on V generic over k; let Z be 
a V-dwisor such that Z-W is defined. When dimW=2 and Z- W is alge- 
braically equivalent to 0 on W,Z is algebraically equivalent to 0 on V. 


Proof. Let us write Z as the difference Y — X* of two positive divisors. 
Since we are interested in algebraic equivalence, we may replace Z by another 
V-divisor algebraically equivalent to Z. In particular, we may assume that Z 
is rational over k since k& is algebraically closed. Let C be a hyperplane 
section of V, rational over k and let % and %* be total maximal families con- 
tained in 9(X + mC) and 2%(X*-+ mC) for sufficiently large m (cf. Th. 1). 
By Lemma 3, we may assume that the complete linear systems determined 
by generic divisors of % and %* over a common field K of definition for V 
and W induce on W complete linear systems, by taking m sufficiently large. 
Our assumption shows that the induced families %’ and %* on W by % and 
§* contain divisors algebraically equivalent to each other on W. Therefore, 
by Lemma 4, (ii), 3’ and %* coincide and consequently % and %* coincide 
by Prop. 1. This proves that Z is algebraically equivalent to 0. 


3. Let us assume here that V is a non-singular algebraic surface. 


ProposiTIon 2. Let X and X’ be V-divisors numerically equivalent to 
each other. Then the virtual arithmetic genus pa(X) of X and that of X’ 
coincide (for the definition of the virtual arithmetic genus, see Zariski [15]). 


Proof. Let K(V) be a canonical divisor of V. Let us assume first 
that Y and X’ are both non-singular curves. Since 2(.Y + K(V)) induces 
on Y a linear system contained in the canonical system (Zariski [15], § 13), 


we have 


deg(¥-(¥ + K(V))) =2g(X)—2,  deg(X’- (X’ + K(V))) = 29(X") —2, 
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where g(X), g(X’) denote the genera of X, X’. Since X and X’ are numerically 
equivalent to each other, we see, from the above formulas, that g(X) = g(X’). 
Consequently we get the equality pa(X) = pa(X’) since the virtual arithmetic 
genus of a non-singular curve and its genus coincide. In the general case, 
let C be a hyperplane section of V. When m is sufficiently large, 2(X + mC) 
and 2(X’+ mC) contain non-singular curves (Matsusaka [5], Lemmas 1, 2). 
Since all divisors in the same coset of G(V) mod G;(V) have the same virtual 
arithmetic genus (Zariski [15], Lemma 4), we get the following equality by 
using the so-called modular property of pa. 


Pa(X) + pa(mC) + pa(mX -C) = pa(X’) + pa(mC) + pa(mX’-C). 
(cf. Zariski [15], p. 582). 


By the definition of pg, we have p,(mX -C) = deg(mX -C) —1 and pa(mX’ -C) 
= deg(nX’-C)—1. Therefore, we get the equality pa(X) = pa(X’). 


PROPOSITION 3. G,(V*)/Ga(V*) ts a finite group. 


Proof. Let % be a maximal total family on V such that it contains a 


divisor X satisfying the inequalities é 
t 
deg(X-X) —pa(X) + pa(V) +120, deg(X) > deg(K(V)). 

When we take % to be a maximal total family contained in M(mX), where 
mC is a sufficiently high multiple of a hyperplane section C of V, the above ; 
condition is satisfied (cf. Th. 1 and Zariski [15], §14). By the main A 
theorem in Chow-v. d. Waerden [2], there is a finite number of maximal : 
families of divisors = %,° %m in 9(X) such that any divisor in N(X) 


is algebraically equivalent to a divisor in % for some 1, but no two of the 
@is contain divisors algebraically equivalent to each other. Let X; be a 
divisor in %; and assume that Y¥,—X. By our assumption, Y; and 1; are 
algebraically equivalent to each other if and only if ij. Let Z be any 
divisor numerically equivalent to 0. Then ¥+Z and X are numerically 
equivalent to each other. Hence both have the same self-intersection number 
and the same virtual arithmetic genus by Prop. 2. Moreover, since deg(K(V)) 
<deg(Z+ 2X), it follows that 1(K(V) —X—Z)=0. Hence 


deg((X +Z)-(X+2Z)) —pa(X¥+Z) + pa(V) +120. 


By the theorem of Riemann-Roch (Zariski [15], § 14), we see that 2*(X + Z) 
contains a positive divisor X’. Hence X’ must be algebraically equivalent to 
one of the X;’s. This proves that ¥;—X (i—1,---,m) gives a complete 
set of representatives of G,(V)modG,(V). Our proposition is thereby 


proved. 


. 
| 
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4. 


THEOREM 4.5 Let V be a non-singular projective variety. Then 
Gn(V)/Ga(V) is a finite group, and consequently it ts the torsion group 
of V-divisors. 


Proof. Let W be a general surface on V and let r be the order of the 
group Ga(W)/G.(W). Assume that G,z(V)/Ga(V) contains more than r 
elements and let - be 1 representatives of G,(V) mod G,(V) 
such that Z;54Z;mod,(V) for 1347. We may assume that Z;- W is defined. 
By Theorem 3, > a,Z;-W=0mod G,(W) implies > a,Z;,=0 mod G,(V), but 
we must have a relation of the form Z;-W=Z;:Wmod G,(W) for a certain 
pair (1,7) of indices. This is impossible by our choice of the Z; and conse- 
quently G,(V)/Ga(V) contains at most r elements. From this our theorem 
follows immediately. 


Let Z,,- - -,Zs be a complete set of representatives of G,(V) mod G,(V) 
and C' be a hyperplane section of V. When m is sufficiently large, 2*(Z; + mC) 
contains a divisor X; >0 for every 1. Let us assume that Z; is algebraically 
equivalent to 0. Then X, is algebraically equivalent to mC. Thus we get 
the following corollary. 


Corottary. Let V be a projective non-singular variety and X be a 


positive V-divisor such that 2(X) determines an everywhere biregular bi- 
rational transformation of V into a projective space. There is a positive 
integer mo with the following property: let mX =Y,,- - -,¥; be a complete 
set of representatives of NR(mX) mod Ga(V); then when m= m, 
for j==1,-- -,t, is a complete set of representatives of Ga(V) mod G,(V). 


CHICAGO UNIVERSITY AND 
OcHANOMIZU UNIVERISTY, TOKYO. 


* The writer was informed that Mr. Y. Nakai obtained the same result. 
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THE NILPOTENCE OF NIL SUBRINGS.* 


By M. P. Drazin. 


1. It is well known that, in any associative ring R with minimal con- 
dition on (say) left ideals, every nil left ideal is nilpotent (for the simplest 
known proof of this, due to R. Brauer, see [4, Theorem 13, p. 64]); more 
recently, Jacobson has shown ([5], and cf. also [4, Theorem 30, p. 71]) that 
every nil subring of I?, besides also certain types of (nil) subsets not admitting 
the addition and multiplication of R, must be nilpotent. We recall also 
(4, Theorem 29, p. 71] that, at least in the presence of a two-sided identity 
element, the minimal condition on left ideals implies the maximal condition 
on these ideals. 

Our main result in this note is that, in any associative ring with maximal 
condition on nilpotent subrings, every nil subring must in fact be nilpotent. 
Indeed, we establish the stronger result stated as Theorem 1 below; this may 
be compared with a result of Levitzki [6], who showed that, if R has maximal 
condition on both left and right ideals, then every nil subring of FR is nil- 
potent (and that every nil ideal is nilpotent under a weaker, though more 
complicated, hypothesis; ef. also [7]). 

In a concluding section, we establish some analogous results for Lie 
rings. 

We note first a trivial lemma, which serves as a starting-point for our 
arguments in both the succeeding sections: 


Lemma 1. Let M be any given set, let s Xt be any gwen binary 
operation in M, and let A be any subset of M closed under this operation. 
Then, for any given subsets T of A and U of M, either (i) ASU, or 
(ii) we can find a€ A and an infinite sequence t,,t.,- -- in T such that 
Xt.) K te) Xt.¢U (k=1,2,---), or (iii) we can find 
bE A such that b¢ U and bXtEU for all te T. 


Proof. If (i) is false, then we can certainly choose a€ A with a¢ U. 


Then we have the following inductive method of constructing a sequence 
i,t: + + satisfying (ii), which method can break down at some stage only 
if (iii) holds: supposing, for a given positive integer k, that t,,-- -, te. 


* Received July 30, 1956. 
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are already defined so that b—=(-:-(aXt) X U, then, 
since 7 =A and A is closed, we have b€ A, and so, if b does not satisfy 


(iii), we can choose a suitable ¢;,, and so on. 


2. In this section we take M to be an associative ring R (possibly 
considered as a ring with operators) and, given any subset C of R, we 
write C* to denote the subring generated by C. We also now require, for 
each pair s,¢€ R, that s X ¢ should be of the form 


where both r—2z(s,t) and y=y/(s,t) are in the subring {t}* of R 
generated by ¢; and, when we speak of a closed subset A of R, we shall 


dee 


mean that s X A whenever both A. 

LemMA 2. Given any ring R, any closed subset A of R and an arbitrary 
subset T of A, then either (1) A*=—T™*, or (2) we can find a€ A such 
that (t—1,2,---), or (3) we can find b€ A such thal 
b¢ T* and, for each te T, bt € T*+ T*d. ‘ 

b 

Proof. We show that, on taking U —T* in Lemma 1, then (i), (ii), & ¢, 
(iii) respectively imply (1), (2), (3). For, if (i) holds, i.e, if AST*, 
then of course A* = 7*, while also (since A=T) A*=T™*, so (1) follows. 
Next, for any #,,---,¢,€ 7, clearly Xte) Xt is, 
modulo 7*, a sum of terms of the form 2z,: - +2, with each 2,€ 

at 
so that (-- -((aXt,) Xte) T#+ > ; if (ii) hold, 
i.e., if the element on the left is not in tio 
(k =1,2,- - -), which gives (2) on taking k=21—1. Finally, (iii) gives 
b¢7* and, for any t€ 7, we have bt=bxXt—y—vzb, where bX|, 
T*. He 

Lemmas 1 and 2 are both implicit in Jacobson’s paper [5], though he 
considered only “products” of the more special form s X t=st + zs, with 
z= 2z(s,t) an operator multiple of t. It is, of course, easy to deduce from be 
(3), as Jacobson did, that )7* = T* + T*b; however, Jacobson’s own later Le 
argument uses only the fact that b7* is contained in the right ideal of ? cat 
generated by 7, and this is an obvious consequence of (3). Bee 

and 

THEOREM 1. Let R be any given associative ring with maximal con- 
dition on nilpotent subrings, and A any closed subset of R. Then, if A* oper 


nil (i.e. has all its elements nilpotent), it generates a nilpotent subring of F. 
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Proof. We first apply our hypothesis about F to select, from among 
those subsets B of A which generate nilpotent subrings B* of R (and 
certainly such B exist provided that A is not empty), a subset 7 of A such 
that 7* is maximal in the class of all subrings B* arising in this way. 
Since ZJ* is nilpotent, it is enough to show that (1) of Lemma 2 holds; 
and, since the nilpotence of 7* contradicts (2), we need consequently only 
prove (3) false, i.e., show that no element b of A can have the stated 
properties. 

To do this, let b be as in (3), and let S denote the subring generated 
by T together with b, so that (since b¢ T*) S contains T* properly; then, 
by the maximality of 7* among all the B*, it will suffice, in order to obtain 
our desired contradiction, to show that S is itself a B*, i.e. (since S is 
certainly generated by a subset of A), that S is nilpotent. 

Since A is nil and b€ A, we have 6™—0O for some integer m= 2. 
Now, for each positive integer n, every element of S”" is a linear combina- 
tion of monomials g —c,- - -c,, where r= mn and, for each 1, either c,=—=b 
orc,€ T. Also a non-zero g can have no more than m — 1 consecutive factors 
b occurring anywhere in it, so, if q denotes the total number of factors 


from 7 occurring, then g can be non-zero only if 


so that g= (r—m+1)/m= (mn—m-+1)/m,i.e.g2n. In other words, 

at least n factors from T must occur in any non-zero monomial g € S™, and 

so, by use of (3), we can express every element of S”" as a linear combina- 

tion of products d,- - -d,b/, where q =n, each d,€ T* and 0Sjlm—1,i.e. 
m-1 


Sons TH (n = 1, 2, 
j=l 


Hence, since 7* is nilpotent, so is S and the theorem follows. 


3. Arguments analogous to most of those in the preceding section can 
be carried through for Lie rings. This can be done in two ways, by applying 
lemma 1 with M taken to be either the given Lie ring itself or the (asso- 
tiative) set of (say) right multiplications of the given ring. However, the 
results obtainable by the former method seem to be the more interesting, 
and we shall not discuss the other possible approach further. 

From now on, we suppose that we are given a Lie ring LZ and an 
operation s < ¢ in LZ such that, for each pair s,t€ L, 


sXt=—st+y, 
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where y= y(s,¢) is some integral or operator multiple of ¢ (and where st 
is of course now a Lie product). Closure will, naturally, refer to this 
operation, while C* will now denote the Lie subring of LZ generated by a 
given subset C of L. Corresponding to Lemma 2 above, we now have 


LemMA 3. Given any Lie ring L, any closed subset A of L and an 
arbitrary subset T of A, then either (1’) A* =T*, or (2’) we can find ac A 
and an infinite sequence t,,t,--- in T such that (- - - ((ati)te)- - -)te¢ T* 
(k=1,2,---), or (3’) we can find b€ A such that 2° and 


Proof: We apply Lemma 1 with U =T*, much as before. We deduce 
(1’) from (i) exactly as in Lemma 2, and this time it is even easier to 
deduce (2’) from (ii). Finally, (iii) gives bt€ T* for every ¢€ 7’, whence 
the Jacobi identity, together with a straightforward induction on the degrees 
of the T-monomials involved, gives (3’). 

In order to be able to state our next theorem concisely, we introduce 
some notation and terminology. Given any elements - of L, then 
any product a,a,-- ‘a, written without parentheses is to be understood as 
standing for the corresponding left-normed Lie product (- - - ((a:@2)a)- - -)ax; 
and, more generally, given subsets A,,A2,- - - of L, we write A,A.- - - A, to 
denote the set of all products of the form a,a,- - -a; with each a;€ A;. With 
these conventions, we can use Bc* to denote the set of all (- - -((2zc)c)- - -)e 
as z runs through B (with just & factors c) ; similarly, BC* will denote the 
set of all (- - -((za,)a2)- - -)a, as z runs through B and the a; run inde- 
pendently through C. We shall call an element ¢ of L nilpotent on L if 
Lc =0 for some integer k —k(c), and shall call a subset C of LZ nilpotent 
on L if LC*—0 for some k—k(C); if every element of a subset C of L 
is nilpotent on ZL (the implied k’s being not necessarily bounded) then we 
shall call C nil on L. 

We can now apply Lemma 3, and arguments parallel to those used in 


proving Theorem 1, to derive 


THeEorREM 2. Let L be a given Lie ring with maximal condition on 
nilpotent subrings (nilpotent being here interpreted in the ordinary Lr 
sense) and A any closed subset of L. Then, if A is nil on L, the subring 
of L generated by A 1s nilpotent on L (and, a fortiori, nilpotent). 


Proof. We first apply the hypothesis on L to select, from among those 
subsets B of A which generate subrings B* of L which are nilpotent on J, 
a subset 7 of A such that 7* is maximal in the class of all subrings B* 
arising in this way. As before, it is enough to show that (1’) of Lemma 3 
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holds; and, since the nilpotence of 7* on LZ rules out (2’), we need only 
prove (3’) false. 

Suppose then, by way of contradiction, that A contains an element 6 
satisfying (3’) and let S denote the subring of L generated by 7* together 
with b, so that S contains T* properly; then, by the maximality of 7* 
among the B*, it is enough to show that S is a B*, i.e., that 8 is nilpotent 


‘on 
Since A is nil on L and bE A, we have for some m= 2, 


and, since b7* — 7*b = T*, clearly S=7* + Fb, where F denotes the ring 
of integers (or any commutative ring of admissible operators). Next, for 
any we L, ve T*, we have, by the Jacobi identity and (3’), that ubv = uvb 
+ u(bv), where bve€ T*, so that 

(3”) ubv —uvb € uT* whenever we Liye T*. 


Now, for any positive integer n, since S—=T7*+ Fb, clearly every element 
of LS” is a linear combination of Lie monomials g = 2¢,C2° - -Cma, Where 
2€Z and, for each i, either c,—=0b or c,€ T*. Also a non-zero g can have 
no more than m—1 consecutive factors b occurring in it anywhere, so, if ¢ 
denotes the total number of factors from T* occurring, then, as before, 


(mn— q)/(m—1) —1, 
1.e@., gan. In other words, at least n factors from 7* must occur in any 
non-zero monomial g, and so, by use of (3”), we can express every element 
of LS”" as a linear combination of products zd,- - -dgbi with gn, each 
T* and 0=j=m—1, i.e. 


m-1 


j=l 
Hence, since 7* is nilpotent on L, so is S and the theorem follows. 

Theorem 2 generalizes a result of Zorn [8], who considered only the 
case in which s and A=U. 

We conclude with two other results, which, though little short of obvious, 
seem worth putting on record for comparison with Theorem 2 (cf. also 
[1], [2], [8]): 

THEOREM 3. Let L be a Lie ring with maximal condition on Lie 
deals and having characteristic zero. Then, if to each z€L there corre- 
sponds a positive integer k(z) such that zc**)—0 for every c€ L, we can 
find a fixed integer k such that zc* 0 for all z,c€ L. 


Proof. For each positive integer j, let X; denote the set of all re€ L 


(n= 1,2,- 
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such that zy/—0O for all y€ L. Then it can be shown that each X; is an 
ideal of L; we shall not go into the (straightforward but not quite trivial) 
proof of this fact in detail here, but see e.g. [3, Lemma 4], where a more 
general result is established. Also clearly (j7 =1,2,: - -), and so, 
by the maximal condition, there is an integer & such that X; contains all 
the other X;. Thus, for each z€ L, we have S Xx, 1.€., = 
for all z,cé L. 
In a precisely similar way, we find 


THeEorEM 4. Let L be a Lie ring with maximal condition on Lie ideals 
and having characteristic zero, and suppose that, to each z€ Li, there corre- 
sponds a positive integer k(z) such that zL}® =—0. Then L must tn fact 


be nilpotent. 


TRINITY COLLEGE, CAMBRIDGE. 


REFERENCES. 


[1] M. P. Drazin, “ Engel rings and a result of Herstein and Kaplansky,” American 
Journal of Mathematics, vol. 77 (1955), pp. 895-913. 

[2] K. W. Gruenberg, “ Two theorems on Engel groups,” Proceedings of the Cambridge 
Philosophical Society, vol. 49 (1953), pp. 377-380. 

[3] P. J. Higgins, “Lie rings satisfying the Engel condition,” Proceedings of the 
Cambridge Philosophical Society, vol. 50 (1954), pp. 8-15. 

[4] N. Jacobson, The Theory of Rings (American Mathematical Society, 1943). 

[5] , “Une généralisation du théoréme d’Engel,” Comptes Rendus des Séances 
de VAcadémie des Sciences, vol. 234 (1952), pp. 579-581. 

[6] J. Levitzki, “Solution of a problem of G. Koethe,” American Journal of Mathe- 
matics, vol. 67 (1945), pp. 437-442. 

17] ———., “On multiplicative systems,” Compositio Mathematica, vol. 8 (1951), pp. 
76-80. 

[8] M. Zorn, “On a theorem of Engel,” Bulletin of the American Mathematical Society, 
vol. 43 (1937), pp. 401-404. 


12 

q 

t 

a 
n 
S 
a 

C0 

di 
of 
an 
po 
set 
are 
| ma 
~ 

[2 
dis: 
tery 
(b) 

con 

4 


A CHARACTERIZATION OF THE LEBESGUE AREA.* 


By CuristopH J. NEUGEBAUER. 


Introduction. ‘The characterization of the Lebesgue area as a functional 
# defined on a certain class of continuous mappings has attracted a great 
deal of attention. The conditions that are imposed upon a functional ® in 
this paper (see Section 3) are essentially those listed in L. Cesari [2; 7.5]. 
Let & be the class of all continuous mappings (7,A) from an admissible 
subset A of HK. into H, (see Section 1), and let L(T,A) be the Lebesgue 
area of (T,A). A subclass XT’ of ZT is considered which consists of all 
mappings (7,A) in Z admitting an elementary shrinking approach (see 
Section 4), and it is shown that Z’ is the class of mappings on which each 
functional ® satisfying the conditions of Section 3 agrees with the Lebesgue 


area. 


1. Some definitions. We will be concerned with the collection of 
admisstble subsets A of the Euclidean plane E,. By L. Cesari [2; 5.1] this 
collection comprises (a) all open subsets of F#,, (b) all finite unions of 
disjoint closed finitely connected Jordan regions, and (c) all open subsets 
of sets described in (b). The interior of a set A will be denoted by A°, 


and the closure of A will be designated by A. The distance between two 
” |. 


point p’, p” of a Euclidean space will be abbreviated by | p’—p 
Let Z be the class of all continuous mappings (7, A) from an admissible 
sets A C F#, into the Euclidean three space F;. The following statements 


are needed. 


(i) A sequence of mappings (7,,A,) in & is said to converge to a 
mapping (T,A) in © provided (1) An C Any C A, An® fA, (2) d(T, Tr, An) 
>0 as n—>oo, where d(T,Tn, An) =1l.u.b.| T(w) —T,(w)|, An (see 
[2; 5.3]). 


(ii) Let R be the generic notation for the interior of a finite union of 
disjoint finitely connected Jordan regions. A mapping (7,R) in & will be 
termed elementary provided (a) T admits of a continuous extension to R, 
(b) there is a quasi-linear mapping Fréchet equivalent to (T,R). For the 
concept of Fréchet equivalence see [2; 31.2]. 


* Received March 5, 1956; revised August 17, 1956. 
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2. Some preliminary results. In this article we will discuss some 
lemmas which are concerned with Lipschitzian mappings F' of constant one 
from EF, into E;. The class of those mappings F' will be denoted by & 
The lemma (i) below is a special case of a theorem in E. J. Mickle [5]. 


(i) Lemma. Let B be a subset of E; and let F be a Lipschitzian 
mapping of constant one from B into E;. Then F can be extended to a 
Lipschitzian mapping of constant one from into 


(ii) Lemma. Let (T,A) and (T’,A) be two mappings in & such 
that for each w, w’ in A, | T’(w) —T’(w’)|S|T(w)—T(w’)|. Then 
there exists a mapping F in & such that (T’,A) = (FT,A). 


Proof. Let y be a set in A on which T is constant. Then by hypothesis 
T’ is also constant on y. Therefore, the mapping F’ —T7’T- is a single- 
valued transformation from 7(A) onto 7’(A). We assert next that 
|F’(p) € T(A). For p,p’€ T(A) let be 
two points in A for which T(w) =p, T(w’) =p’. Then 


| F’(p) —F'(p’)| =| T’T*(p) 
—|T’(w) —T’(w’)| S| T(w) —T(w’)| =| |. 


By (i), F’ admits an extension F to FE; satisfying the desired properties. 


(iii) Lema. Let (To,A,) be a fixed mapping in & and let (Tp, An), 
n=1,2,- - -, be a sequence of mappings in & satisfying (1) (Tn, An) > (T, A), 
(T,A)€Z, A CAo, (2) for each n, there 1s a mapping F,€ & such that 
(Tn, An) = (FaTo,An). Then there exists a mapping F € 2 with the property 
that (T,A) = (FT), A). 


Proof. Let w, w’ be any two points in A and let {w,}, {wi’} be two 


sequences in A® such that w’. Since by 1(i), An C Anus CA, § 


A°, A°, we may choose integers ny << - such that w/ 
are both in A°,,. Now, since T7(w;) >T(w), T(w/) >T(w’), and since in 
view of 1(i), | T(wi) —Tn,(wi)| | T(wi) —Tr,(w/)| 0 as we 
conclude that T,,(w:) > T(w), Tn,(wi/) > T(w’). Moreover, the continuity 
of T, implies T)(w;) >T.(w), To(wi) >To(w’). 

Let « > 0 be given. Then we can determine an integer J >0 such that 
for 1> J, 


| T(w) —Tn,(w:)| </3, T(w’) </3, 
| To(wi) —To(wi’)| < | To(w’) —To(w)| + /3. 
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Since T,,(wi) =F n,To(wi), Tn,(wi) = Fn,To(wi), there follows for 1>J, 
| —T(w')| S| T(w) —Ta, (wi) | + | Png (we) — Ta (we) | 
+ | Tn,(wi’) —T(w’)| S| T(w) (wi) | + | To(wi) —To(w¥’) | 
+ | Tn,(wi) —T(w’)| < | To(w) —To(w’)| +. 
Since « > 0 was arbitrary, | T(w) —T(w’)| =| To(w) —T.(w’)|. By (ii) 
the proof is complete. 
3. Class 2*. Let % be the class of all functionals @(7,A) defined for 
(T,A)€ satisfying the following conditions: 
(a) ©(T,A)=0 for (T,A)€&. | 


(b) &(7,A) is lower semi-continuous, i.e., if (7,,An) > (T,A), then 
6(T,A) Slim inf An). 

(c) (7,1) satisfies the Kolmogoroff principle, i.e., for FE &, 
6(FT,A) =@(T,A). 


(d) #(7,A) is monotone, i.e., for (7,A4)€2X and A’ an admissible 
subset of A, @(7,A’) = @(T,A). 


(e) For (7,F) an elementary mapping (see Section 1(ii)), (7,2) 
=L(T,R). 


Remark. The Lebesgue area L(T,A) satisfies the above conditions and 
hence is a functional in % (see [2]). For each ®€ % and each (7,A)€T 
we have ®(7,A) =L(T,A) (see [2; 5.12]). 


For every let be the class of mappings (7, A) € for which 
o(7T,A)—L(T,A). Finally, let —=NT(e), In view of (e), 


= %* contains all elementary mappings. 


4. Class 2’. Definition. A mapping (T,A) € & is said to satisfy the 
condition (s) provided for every «> 0 there exists an elementary mapping 
(T’,R) (see Section 1(ii)) with RCA and 


(1) | T’(w) —T’(w’)| S| T(w) —T(w’)|, ww ER 
(2) L(T,A)—L(T’,R) <6 if L(T,A) <0, L(T’,R) >e 


It may be of interest to note that (1) does not imply that (7’, PR) 
approximates (7',A). It is only required that L(T7’, R) approximates L(T, A). 
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Let us denote by 2’ the class of all mappings (7,A) in & which satisfy 
the condition (s). Concerning the class T’ we have the following two lemmas. 


(i) Lemma. The class contains all elementary mappings as well 
as all mappings (T,A) for which L(T,A) =0. 

Proof. The first statement is obvious, and for the second it suffices to 
let (7’,R), R CA, be constant on R. 

(ii) Lemma. Jf (T,A) is in DY, then (T,A°) ts also in DY. 


Proof. Since (T,A) is in & there is, for «> 0 given, an elementary 
mapping (7”,R), R C A, such that (1) and (2) are satisfied. Since (7”’, R) 
is elementary, the set RP is an open subset of H, (see Section 1(ii)). Hence 
RC A®, and since L(T,A) = L(T,A°), the mapping (T,A°) is in &. 


5. Main result. We are now ready to prove 


THEOREM. 


Proof. In view of Section 3 we have for every ®€ % and for every 
(T,A)€Z the inequality 6(7,A)=L(T,A). We will first prove that 
=* > TV’. If we deny this inclusion, we have a functional ® € % and a mapping 


~ 


(T,A) in & such that ®(7T,A) <L(T,A). Since (T,A) satisfies the 
condition (s), there is an elementary mapping (7’,R), RCA, such that 
L(T’,R) >(T,A) and 


(1) | T’(w) —T’(w’)| =| T(w) —T(w’)|, € R. 


In view of the conditions 3(d), (e), we infer that 
(2) @(7T’,R) =L(T’,.R) > ®(T,A) 2 O(T,R). 


However, from 2(ii) and 3(c) we deduce by (1) ®(7’,R) =@(T,R), 4 
contradiction with (2). Therefore, T* D 


6. To prove the complementary inclusion =* C &’, let us assume that 
there is a mapping (7 ,A.) in &* which is not in ©. From 4(i) we have 
that L(T>,Ao) >0. There exists now a number A, = 0 with L(T>, Ao) > Ao 
such that for every elementary mapping (7’,R), RCAo, for which 
| 7’(w) —T’(w’)| =| T.(w) —T,(w’)|, w,w’€ R, we have L(T’,R) =r. 

Let &, be the class of mappings (T,A’) in © such that (1) A’C A, 
(2) there exists a mapping FEL such that (T.A’) =(FT).A’), (3) 
L(T.A’) >Ao. Finally, let .’ be the class of mappings (T,A)€Z for 


16 
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which there exists a sequence An) € Ro such that (Ty, An) -> (T,A) and 
L(T,A) >A. Note that Ro C Ro’, and if A, is compact then Ry = RK’. 


7. In this paragraph we will prove some lemmas concerning the 


class Ro’. 
(i) Lemma. If (T,A)€R0, then (T,A°) € Ro. 


Proof. We have a sequence of mappings (7,,An)€R, such that 
(T,A) and L(T,A) >A. By 1(i), An C Ans CA, An? A®. 
Since also A, C Ao, n=1,2,: - -, the set A® is a subset of Ay. For each n, 
there is a mapping € @ for which (Tn, An°) = (F'nTo, An°). Since clearly 
(Tn, An?) > (T,A°), we have by 2(iii) a mapping FEL such that 
(T,A°) =(FT,,A°). Since, finally, L(T,A°) =L(T,A) we infer 
from the definition of ®, that (T,A°) € Ro. 


(ii) Lemma. &)’ conlains no elementary mappings. 


Proof. If (T,R) ts an elementary mapping in &,’, then from 1(ii), 
R=R*. Thus by (i), (7,R)€R. But then from the definition of 
we have a mapping F’'€ such that (7,R) = (FT,,R) and L(T,R) > Ao. 
In view of Section 6 this is impossible and hence §,’ contains no elementary 


mappings. 

(iii) Lemma. Let (T,A) be in &.’ and let A’ be an admissible subset 
of A. Assume there is a mapping FE such that L(FT,A’) >A. Then 
(FT, A’) € Ry’. 


Proof. We have a sequence (7',,An) in ®, such that (T,,An) > (T,A). 
Since the sets A,’ =A, A’ satisfy the properties A,’ C Ani’ C A’, An? TA”, 
we have that (FT, An”) > (FT,A’). From L(FT,A’) >2o, we have as a 
consequence of the lower semi-continuity of the Lebesgue area, D(FT,, Ay’°) 
>Ao for n large. Thus (F'T,,A,’°) is in R) for n large, and the lemma 
follows. 


(iv) Lemma. Let (Ty,An) be a sequence in Ry’ such that (Ty, An) 
>(T,A). Then, if L(T,A) >Ao, the mapping (T,A) ts in Ry’. 

Proof. From (i), (Tn,An°) is in ®, for each n, and from 1(i), 
(T,,An°) > (7,A). Thus, (7,A) is in 


8. Define a functional @(7,A) for (T,A) € as follows: ®(T,A) 
if (7,A) € and =L(T,A) otherwise. We will verify now that 


0 

y 

) 

e 
it 
1e 
it 
a 
at 
No 
h 
3 ) 
or 


78 CHRISTOPH J. NEUGEBAUER. 


@(7',A) satisfies the conditions of Section 3. Since 3(a) is obvious, we 
will prove that 
(b) ©(7T,A) is lower semi-continuous. 


Proof. Let (Tn,An) be a sequence of mappings in Z which converges 
to (T,A). Then L(T,A)Sliminf L(T,,4,) as no. Hence, if 
L(T,A) =o, then 6(7,A) Sliminf 6(T,,A,), from the definition of 
@(T,A). Assume now that L(7T,A) >A. Then there exists an 
integer N >0 such that for n>WN, L(T,,An) > Ao. Hence for n>N, 
No An) SL(Tn, An). Tf (T,4)€ Ro’, we infer that ®(T,A) 
<liminf®(T,,A,). If (T,A) is not in RK)’, then by 7(iv), only a finite 
number of the (7,,, An) can be in Thus ®(7,A) Slim inf @(T,, A,). 


(c) ®(T,A) satisfies the Kolmogoroff principle. 


Proof. Let F be in &. If (7,A) is not in &,’, then clearly (FT, A) 
= L(FT,A)=L(T,A)=4(T,A). Assume now that (7,A) is in Ry. 
If L(FT,A) >A o, we conclude from 7(iii) that (FT,A) is in R,’, and 
hence If L(FT,A) SA, then clearly A) 
=I (FT,A) =A, —9(T,A). 

(d) ®(T,A) is monotone. 


Proof. This is a ready consequence of the definition of @ and R’. 


(e) ®(7T,R) =L(T,R) if (T,R) is elementary. 


Proof. If (T,R) is elementary, then it follows from 7(ii) that (7, R) 
is not in R,’. Therefore, (e) is a consequence of the definition of ©. 

Under the assumption that there is a mapping (7>,A.o) in &* not in 
&’ there can be exhibited a functional € % such that Ao) < L(To, Ao). 
But this contradicts the definition of &*, and therefore T* C FY’. With the 
inclusion established in Section 5, the proof of the main result is complete. 


9. Lemma. For and (T,A) € we have A°) = (T,A). 


Proof. From 5, (T,A) is in & and from 4(ii), (7,A°) is in ¥. 
Thus 6(T, A°) —L(T, A°) =L(T,A) =6(T,A). 


10. A definite relation between the classes X’ and & is not known to 
the writer. A solution of this problem would answer the question whether or 
not the conditions listed in Section 3 suffice to characterize the Lebesgue area. 
In this connection the following comments are in order. The condition 3(e) 
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is concerned with Fréchet equivalence. If one were to modify the condition 
3(e) to (e’) by replacing Fréchet equivalence by Lebesgue equivalence in 
3(e), then an example of a functional satisfying the conditions 3(a), (b), 
(c), (d) and (e’) can be exhibited which does not agree with the Lebesgue 
area. An example of such a functional will be pubilshed elsewhere. 


PURDUE UNIVERSITY. 
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WEAKLY STANDARD RINGS.* 


By R. L. San Sovucig. 


1. Introduction. Generalizing the standard algebras of Albert (see [1], 
p. 576), Kleinfeld [5] has called a ring accessible if the following identities 
hold : 
(1.1) (x,y,z) + (2,2, y) — (2,2, y) =0, 
(1.2) ((w,z),y,2) =0, 
where the associator (x,y,z) and the commutator (w,z) are defined by 
(1.3) (2, y,2) = yz, (w, x2) = wx — zw. 
The substitution of z for z in (1.1) gives the relation 
(1.4) (x,y, 2) = 0, 


so that accessible rings are flexible (see [1], p. 561). A linearization of 
the flexible law yields the identity 


(1.5) (x,y,z) =— (2,y,2), 


valid in any flexible ring. Hence it follows from (1.2), (1.5) and (1.1) 
that the following identity also holds in an accessible ring: 


(1.6) (w, (z,y),2) =0. 


We propose, therefore, to call a ring, R, weakly standard’ if R is flexible 
and if identities (1.2) and (1.6) hold in R. Thus the accessible rings of 
Kleinfeld, as well as the standard algebras of Albert, are automatically 


* Received July 10, 1956. 

1 Kleinfeld’s analogue of our Theorem 2 was announced by him in an abstract 
which appeared in the January 1956 Bulletin and it was this result of his, as published, 
which called our attention to these matters. We then generalized the concept of acces 
sible ring to that of weakly standard ring, and proved Theorems 1, 2, and 3, as well a 
a weaker version of Theorem 4, requiring also the absence of non-zero nilpotent elements. 
Subsequent communication with Kleinfeld informed us that his results, for accessible 
rings, also included the prime, primitive and semi-simple cases, although not included 
in his abstract. Hence our work on Theorems 1 and 3 was independent. The author 
hereby acknowledges this communication with Kleinfeld and notes, with thanks, thst 
Kleinfeld provided him with a copy of his manuscript of [5], prior to its publication. 
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weakly standard. On the other hand, we shall give an example later in the 
paper of a weakly standard ring which is not accessible. 

The results obtained parallel those of Kleinfeld for accessible rings, 
but the method is different. We first show that a prime ring is weakly 
standard if and only if it is either associative or commutative, and then we 
prove that simple rings and primitive rings are prime, with the exception 
of rings R such that R? 0. But for these the conclusion holds trivially. 
The Brown-Jacobson theory for arbitrary rings then yields a structure 
theorem for semi-simple weakly standard rings. 

Section 3 of the paper is concerned with a proof of the fact that 
simple flexible rings satisfying (1.2) are either associative or commutative. 
This generalizes the result for weakly standard rings but appears to be of 
considerable interest in itself. Various applications of this theorem are 


mentioned. 
The last section contains the example referred to above, as well as 


examples showing the impossibility of making certain plausible generaliza- 
tions in our hypotheses. 

Throughout the paper we use the letters ¢, u, v, w, x, y, 2 to stand for 
arbitrary elements of the ring under consideration, thus obviating expressions 


like “for all x and y of the ring.” 
2. Main results. To facilitate our computations, we begin by defining 
the following functions: 
(2.1) f(w, x, y, 2) = (wa, y, — (w, ry, 2) 
+ (w, yz) — w(x, y, 2) — (w, y)2, 
g(x,y, 2) = (ry, 2) —a(y, 2) — (a, 2)y 
— y, 2) — (2,2, y) + (2,2,y). 


It is well known that each of these functions is identically zero in any ring 
whatever. We now assume that R is a flexible ring and make 


Definition 1. Let 
R|(s,2,y) =0], M=[meR|(a,m,y) =0]. 


Then we call § the left nucleus of R and M the center nucleus. 


With these definitions, the flexible ring R is weakly standard if and 
only if commutators are in SNM. For any s€ 8, f(s,2,y,2) =0 implies 
that (sz, y,z) —s(z,y,2) while (1.5) implies that (2, y,s) =0. 
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Definition 2. A ring RB is called prime if, whenever J and J are ideals 
of R such that JJ =0, then either ]—0 or J =0. 

Our first goal is to prove that a prime ring is weakly standard if and 
only if it is either associative or commutative. We take a significant step 
in this direction by letting C be the set of all commutators of a weakly 
standard ring R and proving 


Lemma 1. If A is the set of all finite sums of elements of the form 
R(C,R), then A is an ideal of R. 


Proof. That A is a left ideal is immediately obvious in view of 
the definition of a weakly standard ring. For any commutator c€ (, 
g(u,v,c) implies that 


(2.3) (c,uv) =u(c,v) + (c,u)v. 

Hence consider z((y,z),u)-v and let c—(y,z). Then we get 
(c,u)v=—2(c,uv) + ru: (¢,v). 

Thus A is also a right ideal and the lemma is proved. 


CorottaRy. The set B of all finite sums of elements of the form 
(C,R)R is an ideal of R. 


Henceforth we assume that # is a not associative, weakly standard, 
prime ring. It follows immediately that R does not have any non-zero 
absolute zero divisors, since the set of all such absolute zero divisors forms 
an ideal Z such that RZ —0. 


LemMMA 2. (C,R) =0. 


Proof. Assume that there exist elements d,e,f in R such that ((d,e),/) 
~0 and let R| g(C,R) = (C,R)q=—0]. It is easy to verify, using 
(2.3), that Q is an ideal of R. To prove that Q 540 we suppose the contrary 
and let c—(z,y). From g(z,c,w)—0 we get that (zc, w) =2(c, w) + (2, w)c 
so that z(c,w) is an element of S. Consequently (c,w)(z,t,v) =0 and 
also (z,t,v)(c,w) 0. But this implies that all associators are in Q, 2 
is associative, and this is a contradiction. We must therefore conclude that 
However, AQ —QB=O0 implies that A= B=0O, and from this we 
are led to the fact that ((d,e),f) is an absolute zero divisor and hence zero. 
The now inescapable conclusion is that the lemma is proved. 

Henceforth assume that R is not commutative either and select a, in 
R such that d=(a,b) 40. Let P=[pé€ R| pd=dp=0], and observe 
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that P is an ideal of R. Assume for the moment that P-=0. From 
g(a,b,b) =0 we infer that (ab,b)=—db. Thus 0=— ((ab,b),a) =—d? 
and this implies that d=0, a contradiction. Therefore P0. However, 
Rd is an ideal of R and RdP=0. The hypothesis on RF forces the conclu- 
sion that Rd —0, from which d is an absolute zero divisor and hence zero. 
This contradiction shows that R must, in fact, be commutative. We have 
all but proved 


THEOREM 1. Let R be a prime ring. Then R is weakly standard if 
and only if R is either commutative or associative. 


Proof. \t remains only to remark that a commutative ring is flexible 
with (R, R) =0, while an associative ring is automatically weakly standard. 
We are now in a position to derive a structure theory for weakly 
standard rings. If # is simple? and R?=—0, R is both associative and 
commutative. If PR is simple and R?~0, then R is prime. We consequently 


have 


THEOREM 2. Let R be a simple ring. Then R is weakly standard if 
and only if R is either associative or commutative. 


Let us now recall that a ring FR is called primitive if R contains a 
regular maximal right ideal FH which contains no two-sided ideal of R other 


than the zero ideal. The following lemma was proved by Kleinfeld [5] 
using the hypothesis of accessibility. We do not use the hypothesis. 


LemMMA 3. Let R be an arbitrary primitive ring. Then R is a prime 


ring. 


Proof. Suppose # is a maximal right ideal of R such that er—vr is 
in # for all in R and for some e in R. Let I and J be two ideals of 
R such that JJ —0 and assume that 10. Then so and 
RJ —=EJCE. Hence ej€ and thus —j¢ #, JC E and J=0. 


As an immediate application of the lemma we have 


THEOREM 3. Let R be a primitive ring. Then R ts weakly standard 
if and only if R is either associative or commutative. 


Since it follows from a theorem of Brown (see [4], p. 116) that a 
semi-simple ring is a subdirect sum of primitive rings, the structure theory 
for semi-simple weakly standard rings is completely determined by Theorem 3. 


— 


* By a simple ring we mean one which has no proper two-sided ideals. 
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3. Simple flexible rings. In this section we show that it is possible 
to improve upon Theorem 2, but in a way that does not seem, at this 
writing, to carry over to the results of Theorems 1 or 3. The starting 
point is a remark by Kleinfeld in [5] to the effect that, if D is the set of 
all finite sums of elements of the form (R,R,R) and R(R,R, PR), then D 
is an ideal of R, where F is any ring whatever. 

Assume now that R is flexible and that (R,R) CS. From g(z,y,y) =9 
we get (xy, y) =(x,y)y and this identity implies 


(3.1) (z, y) (y, U,V) = 0. 


A linearization of (3.1) yields (z,z)(y,u,v) + (2, y)(z,u,v) =0 and the 
substitution gives 


(3. 2) (r,s) (y, u,v) =0. 
A similar argument, together with (1.5), implies the analogous 


(3.3) (y, U, Vv) 8) = 0. 


At this point we add the requirement that R be a simple ring. If the 
ideal D0, then RF is associative. If D0, the simplicity of R requires 
that D—R. Consequently, any ¢ in R can be expressed as a finite sum 


of elements of the form (R,R,R) and R(R,R,R). Thus, for any (2,3), 
(3.3) implies that ¢(z,s) 0. A similar argument, using elements of the 
form (R,R,R) and (R,R,R)R, as well as (3.2), gives (%,s)t—0, and 
therefore (z,s) is an absolute zero divisor. We now have two alternatives: 
if some (z,s) 40, the ideal of absolute zero divisors is all of R and RF is 
both associative and commutative; on the other hand, if (z,s) —0, then 
commutators are automatically in M and Theorem 2 applies. We have proved 


THrorEM 4. Let R be a simple flexible ring. Then commutators are 
in the left nucleus of R if and only if R is either commutative or assocratwe. 


This result is a considerable generalization of Albert’s Theorem 14 
([1], p. 593) that a simple standard algebra is either an associative or & 
Jordan algebra. But the theorem has other applications. Albert has also 
proved ([2], p. 519) that a simple, commutative, power-associative algebra, 
of characteristic prime to 30 and of degree greater than two, is a Jordan 
algebra. Our Theorem 4 shows that the conclusion of Albert’s theorem 
holds with less restrictive hypotheses. The same remarks apply to Albert’s 


Theorems 1 and 2 in [3]. 
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4. Examples. 


trample 1. Let A be an alternative ring of characteristic prime to 3 


generated by three elements a, y, z such that (7,y,z) 0. Let B be the 
alternative ring obtained from A by setting all products (in A) containing 
at least four factors equal to zero, and by preserving all other sums and 
products. Then (x,y,z) 40 in B also. Moreover, B is flexible and trivially 
weakly standard. However, B does not satisfy (1.1), for otherwise (z, y, z) 
=0 as a consequence of the alternative law. 

This gives an example of a weakly standard ring that is not accessible. 
Thus our results generalize and subsume those of Kleinfeld in [5]. 


Example 2. In |1], pp. 588-589, Albert gives an example of a simple 
flexible algebra over any field F of characteristic not two. A not difficult 
calculation shows that commutators are not in the left nucleus. This example 
proves that the hypothesis of Theorem +4 could not be “simple flexible” 
instead of “simple flexible with commutators in the left nucleus.” 


Example 3. Let A be an algebra over a field F with basis elements 
Ww, 2, where the only non-zero products among the basis elements are 
u—ue—v, ve—U, we—2e=—w. If 

r= + -+ av + aw + a;2,y = Bie + Bou + + t+ Bz. 
and t = you +- Y54 
are arbitrary elements of A (with the a, 6; and y; in F), a straightforward 
calculation shows that 
(4.1) (z, y, ¢) = + %Biys &sBiyi — %Biy2)U 
+ (a3Biy1 + %Bry1 — %Biys)v. 


It is easy to see from (4.1) that (z,y,) =0 so that A is a flexible algebra. 
Moreover, 8,0 makes the right hand side of (4.1) vanish. It therefore 
follows that 

(4.2) M=|[meA|m=—m.u+ + mw + mz]. 


Direct computation shows that 


(4.3) S—=[s€A|s—s,u+ sov + +s,z]. 


Now (4.2) and (4.3) together imply that SC M. Finally 


(4.4) (2, = (448; + 458: — 
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and from this we conclude that commutators are in SMM. However A is 
neither associative nor commutative, so that the weakly standard hypothesis 
alone is not enough for Theorem 2. 


Example 4.3 Let A be an algebra over any field F of characteristic not 
two and with basis elements e,u,v, where the only non-zero products among 
basis elements are e? =e, eu—=ve=v, ue=u—v. Calculations as out- 
lined above show that A is flexible, that S C M, that commutators are in M, 
but that commutators are not in 8. Hence the definition of weakly standard 
ring cannot be modified in this direction. 


Example 5. Let A be an algebra as above with basis e,u,v,w, where 
=U, and all other basis products zero. 
It is easy to see that A is not flexible, but that commutators associate in any 
of the three places in the associator. Thus the definition of weakly standard 
ring cannot be modified in this direction either. 


THE UNIVERSITY OF ORBGON. 


REFERENCES. 


[1] A. A. Albert, ‘“ Power-associative rings,” Transactions of the American Mathe- 
matical Society, vol. 64 (1948), pp. 552-593. 

[2] ————, “A theory of power-associative commutative algebras,” ibid., vol. 69 (1950), 
pp. 503-527. 

[3] ———, “On commutative power-associative algebras of degree two,” ibid., vol. 74 
(1953), pp. 323-343. 

[4] B. Brown, “An extension of the Jacobson radical,” Proceedings of the American 
Mathematical Society, vol. 2 (1951), pp. 114-117. 

[5] E. Kleinfeld, “Standard and accessible rings,” Canadian Journal of Mathematics, 
vol. 8 (1956), pp. 335-340. 


* Examples 4 and 5 were constructed by Albert in [1] for a different purpose than 
we use them here. 
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DIFFERENTIAL OPERATORS ON A SEMISIMPLE LIE ALGEBRA.* 


By HarisH-CHANDRA. 


1. Introduction. The object of this paper is to present in as concise 
and coherent a form as possible, certain results on differential operators which 
will be needed in two subsequent papers for application to the theory of 
Fourier transforms on a semisimple Lie algebra go. When go is compact, 
this theory is not difficult (see Section 5) although some of the results 
obtained here (e.g. Thsorems 2 and 3) seem to be new. Therefore the 
main application of our results will be to the case when go is noncompact. 
There it will appear that one can obtain certain formulas of a more or less 
analytic (as against algebraic) nature, which bear a great resemblance to 
their counterparts in the compact case (see [4(i)]). However, in view of 
their non-algebraic character, it would seem rather unlikely that the main 
burden of their proof could be transferred to the compact case by some formal 
device such as the “unitarian trick.” For instance, let us consider the 
following example. Let g the the Lie algebra of all 2 X 2 complex matrices 
of trace zero and G, its (connected) complex adjoint group. Let g, and u 
be the real subalgebras of g consisting of the real and the skew-hermitian 
matrices respectively and G,U the corresponding real analytic subgroups of 
G,. Then go uo, where ho is the vector space spanned over the real 

field R by 0 
respectively which vanish outside a compact set. Put 


i(t)—t f ftzH)de, f du (te R) 


where dx and du are the Haar measures on G and U respectively. It is not 
difficult to show that ¢, is well defined and of class C® for all £40 and one 
can prove that 


). Let f,g be functions of class C” on go and u 


where ¢,, Cc, are nonzero constants independent of f and g. The proof of 
this formula is quite trivial for g and follows from the fact that 


Lim { g(tuH)du=g(0), 
to U 


* Received July 30, 1956. 
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if f du=1. But a similar statement about f is actually false and a much 
U 


more delicate investigation of ¢; is required. Nevertheless the resemblance 
in the two cases is so striking that one cannot give up the feeling that they 
both must be governed by some common principle. However a little closer 
examination reveals important differences. For example if we replace H by 


) and define 


0 —1 
/(t) f(t2H’)dz, 
G 
we get Lim((d/dt)¢,;’) =0. On the other hand in the compact case H is 
t>0 

(— 1)! 0 
conjugate to H -( 0 _(—1) 
is obtained if we replace H by H”. This shows that the situation in the 
noncompact case is considerably more complicated. 

Returning to the general case, let g be a semisimple Lie algebra over 
the complex field C. We shall consider the algebra D(g) of polynomial 
differential operators on g (see Section 2 for the precise definition). Let 
go and u be two real forms of g and suppose u is compact. It is clear that 


) under U and therefore nothing new 


the complex group G, of g operates on D(q). Hence we can consider the de 
subalgebra %’ consisting of those elements in D(g) which are invariant of 
under G,. The structure of % is, of course, completely determined by u. ey 
On the other hand, elements of % can also be regarded as differential di 
operators on go and therefore the internal structure of ¥ is reflected in the no 
differential equations on g, and this provides the required link from u to gp. Bi 
For instance let g, go and u be as in the above example. Choose complex det 
coordinates z,y,z in g such that the corresponding matrix is given by we 
Then if the differential operator. 
+ 
is interpreted suitably on and u, one finds that op; and the 
pg = — d*y,/dt*?. This is a special case of a result (Lemma 15) which will wi 
be proved in its full generality in another paper (see however [4(h)]). diff 
Theorem 1 (Section 3) is the central resuit of this paper. In Section 5 Like, 

we give its applications to the case of a compact semisimple Lie algebra. 
This discussion also enables us to obtain some algebraic results (e.g. Lemma @ ve « 
18) which are valid in the general case as well. Section 8 is devoted to the a 
80) 


detailed study of a special case which will have an important significance § ,.,),,, 


for later applications. Theorem 5 contains the main result of this section. 
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2. Preliminary definitions. Let R and C be the fields of real and 
complex numbers respectively and EH, a vector space over R of finite dimen- 
sion. We consider the symmetric algebra [4(c), p. 191] S(#) over the 
complexification of Hy. For any X € E, let denote the differential 
operator on Ey given by’ 


f(¥30(X)) = {(d/dt)f(¥ + tX) }i-0 (Y € Eo, f € C®(Eo), t€ R). 


Then it is obvious that the mapping 1 —0@(X) can be extended uniquely 
to an algebraic isomorphism of S(#) (over C) into the algebra of differential 
operators on £,. Thus for any p€ S(F), we get a differential operator 0(p) 
on H. Now suppose there is given a real nondegenerate symmetric bilinear 
form B(X, Y) (X,Y € Eo) on Ey. We extend this form on £ by linearity (over 
() and then use it to identify # with its dual. In this identification an 
element X € # corresponds to the linear function Y > B(X,Y) (Y€ #) and 
therefore S(£) can now be regarded as the algebra of all polynomial func- 
tions on EL. In accordance with this intepretation we shall often refer to 
elements of S(#) as polynomials on £. 

Let € be the algebra of all differential operators on Hy. Then €D C”(E,), 
and therefore S(#) and @(S(E£)) are both subalgebras of €. Let D(F) 
denote the subalgebra of € generated by S(H#) U@(S(E£)). The elements 
of D(H) will be called polynomial differential operators on Ey. But, when- 
ever convenient, we can regard an element of D(/) also as a holomorphic 
differential operator on the complex manifold H. Let H be a group of 
nonsingular linear mappings of /# into itself which preserve B so that 
=B(X,Y) (X,Y¢€H;x€H). Then for any H, we shall 
define an automorphism d—>d* (d€ D(E)) of D(#). In order to do this 
we have to define (d*f)(X .), where f is a holomorphic function on some 
neighborhood of X, in #. If g is a function defined on a subset V of £, 
let g* denote the function on given by g*(X) (XEaxV). If 
V is open and g is holomorphic on V, it is clear that g* is holomorphic on 
*V. We now define (d*f) (Xo) = (df*")*(Xo). It is easy to check that 
the operator d* so defined, is actually a holomorphic differential operator 
and d—» d* is a homomorphism of D(F) into the algebra of all holomorphic 
differential operators on EF. Moreover if p€ S(F) it is obvious that p* is the 


7M being a differentiable manifold (which need not be connected [4(e), (f)]), 
we denote by C*(M) the space of all (complex-valued) functions on M of class C® 
and by C,(M) the space of continuous functions on M which vanish outside some 
sompact set. If D is a differential operator on M and f¢€C*(M),f(p; D) denotes the 
value of Df at a point p in M (see [4(e),§4]). Moreover C.*(M) =C,(M) N C®?(M). 
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polynomial function X (A £) and similarly (0(X))? 
Therefore (pd(q))* = p*0(q") (p,qg€ S(£)). Since every element in D(£) 
is evidently a sum of elements of the form pé(q), it follows that d7¢€ D(L). 
Finally, the mapping d—d* has the inverse d—-d*" and so it is an auto- 
morphism of D(£). 

Let S,(#) (r20) denote the subspace of S(H#) spanned by elements 
of the form X,X.,:- -X, where X,€ #. (In case r—0, 8,(#)=—C.) As 
usual a polynomial on F# is said to be homogeneous of degree r if it lies in 
S,(#). For any two polynomials p,q let <p,q> denote the value of 0(p)4 
at zero. It is obvious that if p and q are homogeneous, <p,q> 0 unless 
their degrees are equal. Notice that <X¥,Y>=—B(X,Y) (X,Y € EF) and it 
follows from the symmetry of B that <p,q>=<q,p>. In fact, let 
(Xi,---,Xn) be a base for EH such that? B(X;,X;) —3,;. Then if 
p= > a(m,,- mg) - EC), it is ob- 


m,4=o 


vious that 
CX p> m,!- - -m,!a(m,- Ms). 


Hence 


if -X_™. This also shows that <p,q>=0, 


for all g€ implies p—0. Moreover (0(p)q)* = 0(p*)q* and therefore 


<P*, 97> = <p,g> H). 
Let U be a nonempty open subset of Hy. We shall denote by @(U) the 


class of all functions f€ C®(U) such that 
va(f) = sup | f(X;d)| 


for every d€ D(H). We topologise @(U) by means of the seminorms 1 
(d€ D(£)) and in this way @(U) becomes a locally convex space. If D is 
a differential operator on U and X a point in U, it is obvious that there 
exists a unique element p€ S(H) such that f(X;D) —f(X;0(p)) for every 
fec*(U). We call a(p) the local expression of Dat X. It will usually be 
denoted by Dx. Let H, be a group of nonsingular linear mappings of F, 
into itself. Then for every function f on U and x€ Ho, let f* denote the 
function on U given by f7(X) =—f(a*X) (X€U). Then corresponding to 
any differential operator D on U, we define a new differential operator D’ 
on U by Def = (Df*")* (f€C*°(U)). One proves without difficulty that 
(Dx)* = (D*)cx (X€U). D is said to be invariant under H, if D? =D 
for all r€ Ap. 


2 3,, is the usual Kronecker symbol. It is equal to 1 or 0 according as i = j or not. 
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Select a fixed square root of —1 in C and denote it by (—1)#. Also 
let dX denote the Euclidean measure on H, (normalized in some way). Then 
for any f€ @(H,), the Fourier transform f of f is defined as follows. 


H(Y) exp((—1)'B(¥, X))f(X)ax (Ye By). 


It is well known [8(1), p. 105] that f also lies in @(H,) and in fact fof 
is a topological mapping of @(H,) onto itself. Moreover the measure dX 


can be so normalized that 
J exp(— X) aX (¥ € By) 
for every f€ @(H,). This normalization will be called the regular 


normalization. 


Lemma 1. There exist a unique automorphism® d—>d of D(E) such 
that X ==— (—1)#0(X) and (0(X))°=—(—1)*X (XE). Moreover 
(df)” for any d€ D(F) and fe 


Since (/) is generated by (1,#-+0(£)), the uniqueness is obvious. 
The rest follows immediately from the theory of Fourier transforms 


[8(I), p. 105]. 
CoroLttary. For any d in D(EF), we can select another element 
D(H) such that 


ax Sve(f) (Fé 6(B.)). 
Choose a polynomial p€ S(#) such that p is never zero on FH, and 


=f |p|2dX¥ Then if ¢€ 6(Eo), 
Eo 


Eo 


Now it follows from the above lemma that pd =d, for some d,€ D(£). 
Hence 


and so we can take d’ = c?pd,. 


*We shall write d*, f~ respectively instead of d, 7 whenever it is convenient 


to do so. 


| 
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The adjoint of a differential operator D on FE, is, by definition, the 
unique differential operator D* such that 


Ey Eo 


for all f,g€C."(£,). The mapping D— D* is an anti-automorphism of 
the algebra of all differential operators on and (D*)* =D. In particular 
if p is a homogeneous element in S(H) of degree m, it is obvious that p* =p 
and (0(p))*—(—1)"0(p). This shows that and so 


we get the following result. 


LemMA 2. There exists a unique anti-automorphism d—d* of D(£) 
such that p*=p and (0(p))*=(—1)™0(p) for any homogeneous poly- 
nomial in S(E) of degree m. 


Again the uniqueness follows from the fact that D(/#) is generated by 

U and H, being as before, let + denote a distribution on U [8(1)] 
and dX the Euclidean measure on Hy. Then, if F is a measurable and 


locally summable function on U, we say that* r= F if 


r(f) fF aX 


for every f€C.°(U). Let V be a subset of C,°(U). Then by the C,’- 
topology on V, we mean the topology induced under the usual topology of 
O.-(U) [8(1), p. 67]. Similarly if V’ is a subset of @(U), the 6-topology 
on V’ is the one induced on it by @(U). A distribution + on F, will be 
called a @-distribution if it is continuous under the @-topology on C,”(F,). 
In case this is so, t can be extended uniquely to a continuous function on 
@(E,) [8(II, pp. 93-94]. If D is a differential operator and 7 a distribu- 
tion on U, the mapping f>7(D*f) (f€ C."(U)), where D* is the adjoint 
of D, is also a distribution and it will be denoted by Dr. If + is continuous 
with respect to the @-topology, the same holds for Dr provided D€ D(£). 
r is said to be invariant under H, if r(f*) =+(f) for all f€ C.°(U) and 
x€H,. More generally, a @-distribution + on U is a continuous linear 
mapping of @(U) into C. If D€D(F), the mapping Dr: f—r(D*f) 
(f€ 6(U)) is also a @-distribution on U. 

We now introduce a notation which will be used rather frequently. 
Let M,, M. be two manifolds and f a function on M, X M2 of class 0. 


‘Of course this definition depends on the normalization of dX. 
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Then if m,€ M; and D, is a differential operator on M; (1—=1,2), we shall 
denote the value of (D, X D.)f at (mi,mz) by f(m.,;D,:m.;D.). More- 
over D; will be suppressed in this notation whenever it is 1. For example 
f(m,:m2;D2) =f(mi;1: m2; Dz). 

Now suppose F' is the complexication in EF of a vector subspace Fy of L. 
Then S(F') C S(H). Let By denote the restriction of the bilinear form B 
on F and suppose By is nondegenerate. Then we can identify F with its 
dual under By and thus regard S(/’) as the algebra of all polynomial func- 
tions on F. For any function f on Ep, let f denote its restriction on F. 
Then if f¢€ S(/), it is clear that f is a polynomial function® on Fy and 
therefore it lies in S(F’). Moreover if fe S(F), f=f in S(F#). Similarly 
0(S(F)) C 0(S(E£)) and therefore D(F) D(H). Elements of D(F) can 
therefore be regarded as differential operators either on Fy or Ey. But in 
view of the relation df = d? (f € C”(B),d€ (F)), it is not necessary to dis- 
tinguish between the two meanings. Also it follows from Lemma 2 that the 
adjoint operation in D() coincides on D(F) with the corresponding 
operation in D(/’). The same obviously holds for the scalar product <p, q> 
(p,q€ S(F)). 


3. Invariant differential operators. Let gq, be a semisimple Lie 
algebra over R and fh, a Cartan subalgebra of go. We denote the corre- 
sponding complexifications by g and f) respectively. Then if we take LF, = go, 
and® B(X,Y)=—sp(adXad VY) (X,Y€ qo), all the above condi- 
tions are fulfilled. Let G@ be the (connected) adjoint group of go. Then 
every € G can be regarded as a nonsingular linear transformation of 4 
| which preserves B and so it defines an automorphism D— De (Dé D(E)) 
of D(Z). We call a function f of go invariant (under @) if f7—f (r€ @). 
Let I(g) be the set of invariant elements in S(g). Then, if f is an invariant 
function in C*(go) and p€I(q), it is obvious that 0(p)f is also invariant. 
We would like to express 0(p)f in terms of @(p) and 7 (where the bar 
denotes restriction on Let -,a, be all the distinct positive roots 
of g (with respect to h) under some fixed order (see [4(g), §2]). Then 
T= * is a polynnomial function on h. we intend to prove that 
70(p)f = 0(p) (xf). 

First we introduce some notation. Let U be an open subset of Qo. 

*We agree to identify a polynomial function on Z with its restriction on J. 


Similarly for F. 
*X—+adX (X€q) denotes the adjoint representation of g. 
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Select open subsets gi, G, of g, and G respectively such that 7X € U for 
z€G,, X€q,. For any f€ C*(U), consider the function 
=f(cX) X € gi) 
on G,;Xgi. If d and D are differential operators on G, and g; respectively, 
we put f(z7;d:X;D)=—g(r;d:X;D). (Again we suppress d or D when- 
ever it is 1.) Let 8 be the universal enveloping algebra of g. Then elements 
of B can be regarded as left-invariant differential operators on G [4(e), §4]. 
All products of the form X,™- - -X,"* (X;€q) are meant to be in S(g) 
unless it is explicitly stated otherwise. Now suppose Y€q,, p€ S(g) and 
Then 
f(a: V50(p)) =f(x¥ (r€ G,) 
and therefore if X € go, 
f(a;X:¥ ;0(p)) —{(d/dt)f(a¥ ) (t€ R) 
where 2;—=xexptX. For any Z€q, let dz denote the derivation of S(q) 
which coincides with adZ on g. It is clear that 
{ (d/dt)f ;0(p**) ) }e-0 
= {(d/dt)f(a¥ + {(d/dt) 5 0(p**) ) }i-0 
and 
; 0(p?)) = f(x: 5 0(p)), ; 0(p*')) = f(x: ; (p**)), 
where z;=exptXY. Hence 
f(x; X:¥ 50(p)) = f(a: Y;0((dxY)p + dxp)). 


For any S(qg), let LZ, denote the linear mapping p>gqp (p€ S(qg)) of 
S(q). Then we have the following result. 


Lemma 3. Let fe C*(U), and pe S(g). Moreover 
let - denote multiplication in 8. Then tf YE qu, 


Y58(p)) — f(z: (x € G,), 


where 
q = (Lyx,,¥) + dy,) + dx.) + dx,) p. 


For r=1 this has been proved above. So now suppose r> 1 and ux 


induction. Put 
= + dy,) + dx,)p. 


7 [X,Y] (X,Y as usual. 
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Then by induction hypothesis 

Hence 

= Xr: V5 0(p)) 

= {(d/dt)f(rexp tX1: ;0(q’)) 

=f ¥ 50( (Lyx, + dx,)7’))) 
=f(z:Y5;0(q)). This proves the lemma. 

Now consider the tensor product @XS(g). The above lemma shows * 


that for every Y € go there exists a unique bilinear mapping Ty of 6X S(g) 
into S(g) such that Ty(1Xp) —p and 


(X,,,°:°,Xr€g;peS(g)). For any root a (of g with respect to 5), 
select an element in g such that [H,Xq]—«(H)X, for all HE 
Put $= SCX, where a runs over all the roots. Then the symmetric 


algebra S(8) over 8 is a subalgebra of S(q). Let A denote the canonical 
mapping [4(c), p. 192] of S(q) into B and put 6 —dA(S8(8)). 


4. Let Hy, be an element in such that Then 
Ty, defines a one-one mapping of ©XS(h) onto S(qg). 


Let Sa(g), Sa($) and Sa(h) denote the spaces of homogeneous elements 
of degree d in S(g), S(8) and S(h) respectively and put G¢—A(Sa($)). 
We shall prove by induction on r that 

x Tx. (SaXS.(5)) = 
d+eS ssr 
This is obvious if r0. So now suppose r=1. It is clear that the left 
side is contained in the right side. Hence in view of our induction hypothesis 
it is enough to prove that 
TH, + D S,(g), 
+eSr 


where 3,== >) S,(g). Since g=h-+8, S,(q) is spanned by elements of the 
sSk 


form Z,Z,°- (Z,€ ©,H;€h), where d+e=—r. Moreover 
the restriction of ad H, on 8 is nonsingular since r(H,) 0. Therefore we 
ean select Y;€ 8 such that =—Z, 11d. Then 


*The proof of this fact is exactly parallel to that of Lemma 15 of [4(e)]. 
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On the other hand Y,- + -Ya)€ (see [4(a)]) 
and C Hence it follows that 

and this proves our assertion. Now the spaces 3, and > ©4XS8,(bh) 

d+e=r 
have the same dimension from Lemma 12 of [4(c)]. Therefore Ty, must 
be one-one. 

Let U and V be two vector spaces over C and suppose the dimension 
of U is finite. A mapping f of U into V will be called a polynomial mapping 
if (1) the subspace of V spanned by f(U) is of finite dimension and (2) § 
for every linear function » on V, u->yp(f(u)) (we U) is a polynomial 


function on U. 


Lemma 5. For every p€ S(q) there exists an integer r=0 and 
polynomial mapping yp of into ©XS(h) such that Ty(yp(H)) 
(H € ho). 

This is proved in substantially the same way as Lemma 16 of [4(e)]. 

Now put ©’=—}> Gz and let h,’ denote the set of all H€ ho where 


d=1 


7(H)+0. It follows from Lemma 4 that for any H € h,’ and p€ S(qg), there 
exists a unique element Bx(p)€ S(h) such that p— Bu(p) € S(6)). 
Hence we can define a mapping $”’(H€,’) of 0(S(g)) into 0(S8(b)) by 
Sn’ (0(p)) =0(Bu(p)) (pe S(q)). We extend this to a mapping of D(q) 
into @(S(g)) by setting 8y’(D) (DE D(g)) where Dy is the 
local expression of D at H. Then it follows from Lemma 5 that there exists 
an integer m= 0 and a polynomial mapping y of into such that 
=2(H)-™y(H) This shows that there exists a differential 
operator 8’(D) on §o’ whose local expression at any point H € ho’ coincides 
with 8y’(D). The significance of &’(D) is given by the following lemma. 


Lemma 6. Let U be an open neighborhood in go of a point H€ by. 
Suppose f is a function in C*(U) and f(rX)=f(X) whenever (2,X) 
is sufficiently near (1,H) in GX Qo. Then if f denotes the restriction of | 
on UN be, f(H;D) —f(H;8(D)) for DE 


Select p€ S(q) such that Dy=0@(p). Then we know that 


p=Tx(1 X Ba(p)) + h 


| 
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ping 
(2) 


mial 


DIFFERENTIAL OPERATORS. 


where s;€ S’ and h;€ S(h). Therefore from Lemma 3, 


fla: ;(p)) fle: H ;A(Bu(p))) + fle ss: H 


if x lies sufficiently near 1 in G. But it is obvious from our assumption 
on f that =0 (bE Bg) if (z,X) is sufficiently near (1,H) in 
GX go. Hence f(z:H;0(p)) But 0(p) and 
0(Bu(p)) =8n’ (Dx) =Sy'(D). Therefore putting we get f(H;D) 
=f(H;8y’(D)), which is equivalent to the assertion of the lemma. 

Let % be the subalgebra consisting of those elements D€ D(g) which 


are invariant under G. 


LemMA 7%. The mapping D8 (D) (D€ 3%) is a homomorphism of 
into the algebra of all differential operators on hy’. 


Let H, be a point in h)’ and A the Cartan subgroup of G (see [4(e), §2]) 
corresponding to hy. Let —>2a* denote the natural mapping of G on 
G* == G/A and put «*H (x€ G,H€E ho). Select open connected neigh- 
borhoods U and V of Hy, and 1 in §,’ and G@ respectively. Let V* be the 
image of V in G*. Then the mapping ¢: (2*, H) > 2*H of V* XU into go 
is easily seen to be regular (see [4(d), p. 501]). Therefore since the two 
manifolds V* « U and gy have the same dimension, VN —¢(V* XK U) is an 
open submanifold of go. Moreover it follows that if V and U are sufficiently 
small, ¢ is univalent and therefore it defines an analytic isomorphism of 
V*xU onto N. For any g€ C*(U), let f, denote the function in C”(N) 
given by (#*€V*,HEU). Then f,(7H) 
(t€V,HEU). Now suppose D,,D.€ and put Since Dz is 
invariant under G, it is clear that Lemma 6 is applicable to F and therefore 
F(H;D,) =F(H;8(D,)) (HEU). On the other hand by applying the 
same lemma to f, we get 


P(H) =f,(H; D2) =9(H;8(D2)) (HEU). 


Therefore, f,(H;D,D.) =F (H;D,) =F (H;8(D,)) =9(H;8(D,)8 (D.)). 
But again from Lemma 6, f,(H;D,D.) =g(H;8(D,D.)). Therefore, 
9(H ; 8’ (D,D.)) =9(H;8(D,)8(D.)) and this proves that 98&(D,D,.) 
=9(D,)8(D.) on U. But since U is a neighborhood of an arbitrary 
point H, € ho’, we conclude that 8’(D,D.) =&(D,)&(D.) on hy’. 

We recall that [(g) =S(g)N%’. Let (gq) be the subalgebra of Y’ 
generated by I(g) UA(I(g)). We shall now determine &(D) for DE 3(q). 
Obviously, if p€I(q), &(p)—p, where p is the restriction of p on bh. 
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Therefore in view of Lemma 7, it is sufficient to determine 8&(D) for 
Dé 4@(I(g)). 


Lemma 8. If pe I(g) then® 8'(0(p)) o7. 


Define a polynomial function » on g by wo(X) —sp(adX)? (X€qQ). 
(We shall call » the Casimir polynomial of g.) Then w€J(g) and we 
shall first compute 8’(w). Let P be the set of all positive roots. For any 
a€ P, normalize the elements X,, X_« in such a way that B(X,, X-« 
and put H,—[X.,X.]. Then B(He,H)=—a(H) (H€}) and therefore 
a=—H, under our identification of § with its dual. Now consider the 


polynomial function 


aeP 


If Y=H+ (HE it is clear that 
aeP 


w(X) =sp(ad XY)? =—sp(ad H)?+2 coca. 


aeP 


Therefore, since B(X,Xg) —c_g for any root 8, it follows that £(X) =0. 


Hence o=0+2 Now if HE hy’, 
aeP 


and Xa) in B. Hence 
=o+2 > X,X¥.=—w. This proves that 
(O(w)) = +2 a(Ho)* 


since S’. On the other hand let us compute 2? 
For any two differential operators D,, D, put {D,, D.} = D,° D,—D,0D,. 
Then, if «,,- - -,@, are all the distinct positive roots, 


Moreover a simple calculation shows’? that {0(0),«} —20(H,). Therefore 
k=1 


® Whenever it is necessary to avoid confusion, we denote the product of two differ- 
ential operators D,, D, by D; oD. 

2° This is best done by making use of a base H,,- - -,H, for § such that B(H,, H;) 
=6, (lS4jsq). 
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But {0(H,),8}—8(H.) for any two roots a,8, and so we can conclude 
that 


me + 23 0(He) +4, 


where g€ S(h). Applying both sides of the above equation to the constant 
function 1, we find that g=0(@)z. But we shall see presently (Lemma 9 
and the Corollary to Lemma 10) that 0(@)7—0. Therefore by comparing 
this with our earlier expression for $y,/(@()), it follows that 8 (0(w)) 
=r'@(o)°x. This proves our assertion in case p=vw. 

Now let » be the derivation of D(g) given by pD = 4{8(w), D} (DE D(g)). 
A direct computation shows that »X¥=—0(X) (X€g). We shall now 
prove by induction on m that p™(X,X2: - -Xm) =m!0(XiX.° -Xm) for 
Xi, Since pX¥—pd(X)—0 (XE g), it follows from the 
Leibnitz rule for derivations that 


But Xm.) = (m—1)!0(X,X.2- - -Xm-+) by induction hypothesis. 
Therefore p”™(X,- and 


This shows that if g is a homogeneous element in S(g) of degree m, then 
= m!0(q). 

On the other hand let us put pé—4{8’(w),é} for any differential 
operator € on h,’. Then fg is a derivation of the algebra of differential 
operators on and it follows from Lemma 7 that 8’ = ,d’(D) for 
De’. Let p be a homogeneous element in I(g) of degree m. Since %’ is 
obviously stable under p, we conclude that 


Now let 9 be an associative ‘algebra and for any a€ M, let da denote the 
derivation of % defined by dab = 4(ab—ba) (b€ M). Then one proves easily 
by induction on & that 
0=rSk 
We now suppose that % has a unit element, c is an element in % with an 


inverse ct and a’—c-ac. Then if b€ M and it commutes with c, it is 
clear that 


= (k>=0). 
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Let us now take 2% to be the algebra of all differential operators on },’. 
Then if a—0(0), b= and c=z, all the above conditions are fulfilled 
and a’ 10(@) or =8'(w) as we have seen above. Moreover if q is any 
homogeneous element in S(h) of degree k, we prove in the same way as 
above that d,*qg—k!0(q). Therefore 


p (d_"p) Or 0(p) Or 


and this proves that 8’(0(p)) '0(p) for any homogeneous element 
pé€I(g). But it is obvious that Z(g) = SI(g) Sm(g) and so the 
m=o 


assertion of the lemma follows. 

Let W denote the Weyl group of g with respect to h (see [4(b), p. 29]). 
Then W is a group of nonsingular linear mappings of and therefore (see 
Section 2) it operates on D(H). Let 3(h) denote the subalgebra of those 
elements in () which are invariant under W. 


THEOREM 1. There exists a unique homomorphism 8 of (gq) into 
such that 8(p)=—p and 8(0(p))=—0(p) Moreover 
=28(D) on on for any DE 


Since Y(g) is generated by J(g) U@(I(g)), the uniqueness of 38 is 
obvious. Let §’ denote the algebra of all differential operators on hy’. 
It is clear that we can regard D(H) as a subalgebra of §’. Put 8(D) 
=75’(D)onr. Then it follows from Lemma 7, that § is a homomorphism 
of into §’. Moreover 8(p) =p, 8(0(p)) (pe I(g)) from 
Lemma 8 and f is invariant under W (see Lemma 9 below). Therefore 
it is obvious that 8 maps 3(q) into §() and so the theorem is proved. 


4. Invariants of the Weyl group. An element q€ S(6) is said to be 
invariant (under W) if g*=—q for all s¢ W. Let I(q) be the subalgebra 
of S(h) consisting of all invariants. The following result is due to Chevalley 
(see [1, exposé 19, p. 10]). 


Lemma 9 (Chevalley). If pé€J(g), then pel(bh), and pop wan 
isomorphism of I(g) onto I(h). 


For any root a let s, denote the Weyl reflexion corresponding to a. A 
element g€ will be called skew (or skew-invariant) if q%——q for 
every root « It is known (see Weyl [9]) that a is skew. 


Lemma 10. If q ts a skew-invariant in S(h), then qq. for some 
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For any root «, let a, denote the hyperplane in § given by the equation 
a=0. Then if p€ S(h), it follows from the definition of s, that p*-— p 
vanishes everywhere on og. Therefore p*:— p is divisible by « in the poly- 
nomial ring $(). This shows that ¢g==— 4$(q*«—q) is divisible by «. Now 
the hyperplanes o, corresponding to distinct positive roots a are distinct. 
Therefore since S(H) is a unique factorization domain, q is divisible by 
This means that g=-7qo, where go€ S(h). But since both 


a€P 
7 and g are skew, it follows that qo.%—q, (a€P). Therefore since W is 


generated by the reflexions s, (#€ P), we conclude that gq. € I(§). 


CoroLuaRy. If y is a homogeneous element in I(h) of positive degree, 


then 0(q)x7=0. 


Let r be the degree of x. Then it is obvious that 0(q)z is homogeneous 
and its degree is lower than r. On the other hand, since g€J(h), it is 
clear that 6(q)a is a skew-invariant. Therefore in view of the above lemma, 
we conclude that 0(q)r=—0. 

Put S=S(h) and J =IJ(bh) and let J, be the ideal in J spanned by 
all homogeneous elements of J of positive degree. Since W is a finite group 
generated by reflexions. it follows from a result of Chevalley [2] that the 
dimension of the vector space S/J,S is equal to the order w of W. More- 
over if Ms and Q, are the quotient fields of S and J respectively, then 
[Qs:Q,|—w where [Qs:Q,] denotes, as usual, the degree of the field- 
extension Qs/Q,. It is obvious that if an element of S lies in J, the same 
holds for all its homogeneous components. Hence we can select homogeneous 
elements S such that S=V-4+J,S, where V is the linear space 


spanned over C by +, Uw)- 


LEMMA 11. Every element v of S(6) can be written exactly in one 
way in the form ++ where ASisSvw). 


It follows easily by induction on m that S=JV+J,"S (mZ21). 
Let v be any homogeneous element in S of degree d and let d; be the 
degree of v; Choose m>d and select elements uj’,- - -,uU,’€J such that 
v—(u,’v, Let u; denote the homogeneous component 
of u’ of degree d—d;. Then, by considering the homogeneous component of 
of degree d in the above relation, it is clear that v — (u,v, + = 0. 
This proves that S=Jv,+---+Jv, and now it follows easily that 


t 


Os=Q)S =D However [Qs:Q,;|—w and so must be 
4=1 
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linearly independent over Q,;. This proves that an element v¢€ S can be 
written in exactly one way in the form J). 

We shall now make use of the above lemma to obtain some results on 
the solutions of a certain system of differential equations which will be 
important for our applications. 

Lemma 12. Let + be a distribution on an open subset U of hy. Suppose 
for each q€I(h), there exists a complex number cq such that 0(q)r = Cg. 
Then + coincides with an analytic function on U. 


Let H,,- --,H, be a base for §) over R. Put Q=H,°+H2+4+-:: 
+ and consider the polynomial 


sew 
in the indeterminants with coefficients Then 


av + +: gv = I] (Q—0%) =0 
sew 


and therefore {0(Q)”+ ¢,0(Q)"* + + where (1 SiS). 
However the above differential equation is obviously of the elliptic type (see 
[3] for the definition of ellipticity). Therefore (see Schwartz [8(1), p. 136] 
and John [5]), 7 is an analytic function on U. 


LemMA 13. Define (v1,---+,Uw) as in Lemma 11 and let be an 
analytic function on a nonempty open connected subset U of ho. Suppose ¢ 
is an eigenfunction of 0(u) for every uc I(h). Then if 0(v;)¢ (1StS») 
all vanish simultaneously at some point of U, @ must be identically zero. 

Suppose $(H,;0(v;)) (1SiSw) for some H,€U. For any 


w 


v€ S(h), we can select such that v= (Lemma 11). 
But then 0(u;)¢—cid C) and therefore 


(Hy; 0(v)) cob (Ho30(v4)) =0. 


This shows that all derivatives of ¢ vanish at Hy and so ¢, being an analytic 
function, must be identically zero. 


CoroLLary. Suppose H’ is a point in h such that r(H’) ~0 and ¢ 
an analytic function on U satisfying the system of differential equations 


0(q)¢=4q(H’)¢ (q€I(5)). 


Then there exist constants c, (s€ W) such that 
¢(H) = c,exp B(H, sH’) (H¢EU). 
sew 


Moreover they are uniquely determined. 
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it follows from Lemma 4 of [4(e)] that the w points sH’ (s€ W) are 
all distinct. Put ¢,(H) =expB(H,sH’) (HEU). Then ¢, (s€ W) are 
linearly independent analytic functions on U (see Lemma 41 of [4(b)]). 
Moreover since 0(H)¢,—=B(H, sH’)¢, (H € §), it is clear that 0(q)¢s = q(H’) 
for g€I(b). Therefore ¢, is a solution of our system of differential equa- 
tions. Let # be the vector space (over C) consisting of all analytic solutions 
of this system. It is obviously enough to prove that ¢, (s€ W) form a base 
for F or, what is equivalent, that dim#=w. Choose a point Hy€ U. 
Assuming that dim / > w, we can select ¢~0 in EF satisfying the w linear 
conditions ¢(H,;0(v;)) =0 1Sisw. But we know from Lemma 13 that 
this is impossible. 


The following lemma will be required in another paper. 


LeMMA 14. Suppose ¢ ts an analytic function on U such that 6(q)¢=0 
for all homogeneous elements q€ I(h) of posttwe degree. Then there exists 
a polynomial function p€ S(h) such that =p on U. 


For any H € §, consider the polynomial 


in the indeterminants with coefficients q,¢ J(h). Then HY + - 
+ and therefore + But since 
are all homogeneous and of positive degree, 0(qi)6=0 (1StSw) and 
therefore 0(H”)¢d—0. Hence if H,,---,H; is a base for h, over R, 
0(H;”)p?=0 1S71S/. Obviously, this implies that ¢ is a polynomial of 
degree < lw. 


5. Applications to the compact case. In this section we shall assume 
that G is compact. Let dx denote the normalized Haar measure of G, so 
that f dx=1. For any f€ C*(go), let ¢, denote the function on hy 

G 


given by 


$(H) f(a) dz (H€ hp). 


It is obvious that ¢;€ C*(h,). Define & as in Theorem 1. 
LemMA 15. de for E€ and fe C*(go). 


We use the notation of Section 3. It follows from Lemmas 3 and 5-that 
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we can select elements s;€ ©’, h;€ S(§) and analytic functions a; (1 [iS m) 
on ,’ such that 


f(aH =f (e:H38(€)) + Sa(H)f (e551: H 


for But it is obvious that f(v;b:H)dr=0 (HE) for 
JG 


b€ Bg. Hence it follows from Theorem 1 that 


However, ¢gy and 8(£)d¢,; are both in C”(ho) and ho’ is dense in ho. There- 
fore =5(£) dy. 


LeMMA 16. ¢7(0;8(r)) =<2,2>f(0) for all fE (go). 


Put g(H) = (H1€.). Since is a homogeneous poly- 


nomial, it is obvious that the local expression of 0(7)°zm at the origin is 
exactly <1,7>. Hence the value of at zero is <x, 7>g(0) = <x, (0). 


As usual, we define «(s) = 1 or —1 according as r* or (s€ W). 


THEOREM 2. 


a(H)x(H’) 4. exp B(2H, H’) dx exp B(sH, H’) 
G seW 


for all H, H’€ §. 


Select an element H’ € h such that and put f(X) BCY, H’) 
(Y€qo). Then 


and therefore, from Theorem 1 and Lemma 15, =0(p)dy (p€ L(g): 
But it is clear that 6(Y)f—B(Y.H’)f (Y€q), and so 0(q) =q(A’)f for 
q€ S(qg). Hence 0(p)¢;—= p(H’)¢; (pel(g)). But in view of Lemma 
this implies that 0(q)¢; = q(H’)¢, for all ¢€ and we conclude from 
the Corollary to Lemma 13 that 


¢;(H) = c,exp B(sH, H’) (H € by). 
sew 


where c, (s€ W) are constants. On the other hand, since G is compatt. 
we can select, for each s€ W, an element 7, € G such that 7,H =sH (H € by)- 
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Therefore it is obvious that s maps > into itself and ¢;(sH) —e«(s)¢;(H), 


and so 
= > <(s)or(sH) =w'e exp B(sH, H’) (H € 


where c= > e(s)cs. On the other hand, ¢7(0;0(a) ) = <x, r>f (0) = <a, 
eeW 
from Lemma 16. Put y,(H)=—expB(sH,H’) (H€). Then 


(¢€ S(6)), and therefore Hence 
=> = $)(030(m)) = (H’)w — cn (H’), 
and so ¢=<a,2>/x(H’). This proves that 


x(H)x(H’) f _ exp Ble, H, — n> exp B(sH, H’) 


for 7 € h) and H’€ § provided z(H’) 40. But since both sides can obviously 
be considered as holomorphic functions on § X 6, it follows that they must be 
equal for all H, H’€ §. 

Let dX and dH denote the Euclidean measures on go and fo, respec- 
tively. We may assume (see Lemma 9 of [4(d)]) that they are so normalized 
that 


X)dX = | |? c 


Por any f€ @(go) and g€ @(ho), let f and g denote the corresponding 
Fourier transforms, so that 


f 


exp {(—1)#B(Y, X)}f(X)dX, 
= exp {(—1)!B(H’, H)}g(H)dH 


(Y€ go, H’€ h)). Then we have the following result. 


THEOREM 3. If f€ (go), the corresponding function ¢y lies in 6 (Ho) 
ind ts a continuous mapping of @(go) into Moreover® 
j= (—1)"<xz,2>(¢;)°, where r is the number of positive roots. 


It is seen without difficulty that for any D€ D(qg), we can find a finite 
number of elements D,,- --,Dm€D (gq) and analytic functions a,,- - -,am 
m such that D? (x€G). Now suppose 
f€ (go) and d€D(h). Then it is clear that 


; D*)dr (H € hy) 
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where D=—doz. Since G is compact, we can select a positive number ¢ 
such that |a(z)| Sc (1 Hence 


|¢(H34)|< Se sup | f(X;D)|, 


XEQo 


and this proves that ¢;€ @(H.) and the mapping f—¢y of (go) into 
4 (bo) is continuous. 
Put »(X:¥) =exp {(—1)?B(X, Y)} (X,Y € qo). Then if f€ @(g), 


$)(H) = j(aH)dz J. de (aH: (H€ hy). 
But 
Go 


GX9o0 


since every root takes only pure imaginary values on }). Therefore we con- 
clude from Theorem 2 that 


sew GX5o 
sew Bo 


But we have seen that ¢;/(sH’) = «(s)¢;(H’) (s€ W). Hence 


This proves that f n(H: H’)¢;(H’)dH’ (H€ ty), 
and therefore ¢7 = 7>(¢;)". 
In another paper we shall obtain a suitable analogue of the above 


theorem for the case when @ is not compact. 
Let J(go) and J(§ ) denote the sets of all functions in (go) and 


4@(bo) which are invariant under G and W respectively. For any function 
f on go, let 7 denote its restriction on po. 


4. If f€J(go), then FE T(ho) and is a topological 
mapping of J(go) onto J (Ho). 
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Put 7/(X: Y) =exp{— (—1)? B(X, Y)} (Y, Y€ go). Then if S(g), 
it is clear that »/(X;0(p):Y) =p(Y)y/(X:Y) where p is the polynomial 
function Z—> p(— (—1)#Z) on g. Now we assume that the normalization 
of the Euclidean measure dH on fp is regular and put 


&(X : H)n(H)G(H ; (g € (Ho), X € go); 


where &(X: Y) = (X,Y € go). Then it follows from Theorem 
G 
2 that if H’ € hp, 


where ¢==w-'¢x,7>. Now it is clear that™ 


f : sH’)G(I ; (—1)" : sH’)g(H)dH 


bo 0 
= (— 1)'#(sH’) f (H : sH’)G(H)dH = (— 
(s¢ W). Therefore, since g is invariant under W, we get 
a(H’)W,(H’) = (—1)"” wer(H’)g9(H’) (H’€ ho). 


But as y, and g are both of class C®, this implies that ~,—c’g, where 

(¢=(—1)*/*¢x,7>. It is obvious from its definition that y,€C”(go) and 

it is invariant under G. Moreover, since go>= |) 2ho, it is obvious that y, 


is the only invariant function on g, which coincides with c’g on §. There- 
fore = Yao if I(g). 
Put 
vo(F) = sup | F(X;D)|, oa() = sup | o(H;4)| 
X €Qo 


for FE (go), 6€ C*(H), DE D(gqg) and d€ D(h). We claim that for any 
DED(g), we can select a finite number of elements d,,- - -,dy€ D() such 
that 


N 
S 2oa(9) 


for g€J(ho). It is enough to prove this for D=pd(q) (p,q€S8(g)). 
We shall use induction on the degree of g which we denote by m. If m=O, 
ve may assume that D—vp. Since G is compact, the Casimir polynomial w 
8 a negative-definite quadratic form on go, and so it is clear that we can 


4 (—1)*# = ((—1)4)* for any integer k. 
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select po€I(g) such that po takes only real nonnegative values on gp and 
| p(X)| Spo(X) (XE go). Then poy, and therefore vp (Wg) S vp, 
=vi(Wj9). From Lemma i and its Corollary, there exist elements p, € S(h) 
and d€ D(H) such that (jop)” —0(pi)¢ and 

| x0 | dH Soa($) 


Do 


for 6€ 6(h.). Therefore 
ro (Yo) (ET (bo) 


since |é(X¥:¥)|S1 (X,Y€qgo). Now suppose m=1. Again choose 
po€ I(g) such that | p(X)|Spo(X) for XE go. Then if Do = pod(q), it is 


obvious that rp(¥,) Svp,(¥,). Also, it is clear that 


k 
Dy = 0(q) © Po + 2 qi); 


where & is some integer, p;,gi€ S(gqg) and the degree of each q is smaller 
than m. In view of the induction hypothesis, it is sufficient to prove our 
statement for A=0@(q)°po. But Avg—0(q) Where go = pog, and 


&(X;0(q):¥) = (X, Y € go). 


We again select go€1(g) such that | j(X)|Sq0(X) for XE go. Then 
|€(X (X,Y € go), and therefore 


| (x) Go | aH. 


Choose p,€ S(h) and d€ D(H) such that (pop)” —0(pi)$ and 


| Gord | dH Soe(4) 


for ¢€ Then =varq) (Yoo) Soalg) (9 € (Bo)). 
The above. result shows that if g€ J(o), then yy, lies in J(go) and” 


is a continuous mapping of J(ho) into J(go). On the 
other hand, it is obvious that if f€ J(go), then f€ J(ho) and the mapping 
r:f—>f of J(go) into J(ho) is continuous and univalent. Since = 4, 
it follows that yj—c’f and therefore these two mappings + and y/ are 
inverses of each other. Hence the theorem. 

The following result will be needed in Section 8. 


12 We shall prove in Section 6 that <7, 7> 0 (see the Corollary to Lemma 18). 
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Lemma 17. For any f€ @(6o) there exists a unique element Wy in 
J(§o) such that 
= e(s)f(sH) (H € bo). 


sew 


Moreover f is a continuous mapping of into J (go). 
Put 
U(X) E(X:H)r(H) De(s)f(sH)dH (FE B(Ho),X € Go), 
sew 


where f is the Fourier transform of f and’? c,—<z,7>'. Then it follows 
from Theorem 2 that 
(H’)%,(H’) = 3 e(s)f(sH’) (H’€ hy). 
sew 
Furthermore, we show exactly as above that ¥,;€J(g)) and the mapping 


fo, is continuous. Finally, since go> (J rho, every invariant function 


in C”(go) is uniquely determined by its restriction on g.’. This proves the 


uniqueness of Wy. 


6. Some further results. We now discard the assumption about the 
compactness of G. Define § as in Theorem 1, and, for €€ D(g) and 7€ D(H), 
let ) and my denote their respective local expressions at zero. It is clear 
that if €€ Y(qg), then € 


LEMMA 18. (0(7) 08(€))o = 98(&))o for every 


It is known (see Mostow [7]) that we can find a compact real form 1 
of g such that Mu is a Cartan subalgebra of u. Let G, be the (connected) 
complex adjoint group of g and U the (connected) adjoint group of u. 
Then both G and U are real analytic subgroups of G, corresponding to the 
teal subalgebras g, and u of g. Then (see Section 2) G, operates on D(q), 
and it is clear that I(g) is exactly the algebra of those polynomials p on g 
which are invariant under G,. Therefore the two algebras §(g) and 3(6) 
are the same whether we start from the real form gy or u. Let du denote 
the normalized Haar measure of U, and for any f€ C*(u) define 


as in Section 5. In order to prove the lemma, let us first suppose that 
f&=0. Then from Lemma 16, =0 for all f€C*(u). But 
we know (Lemma 15) that =8(é)¢y. This proves that (8(é)¢,7) has 
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the value zero at the origin. Now suppose f€I(g). Then ¢;—af, where 
f is the restriction of f on Mu. Hence we conclude from Lemma 9 that 
(O(a) °8(€)) (zp) takes the value zero at the origin for every p€I(b). 
Select S(6) such that °8(€))o—0(q). Since 8(€) is invariant 
under W, it is obvious that g*=«(s)g (s€ W). Weclaim g=0. For other- 
wise we could select p, € S(§) such that <q, 0. But <q, = 
= e(s)<q, pi*> (s€ W). Hence <q, po> = <q, pi> KO, where = pa. 


However it follows from Lemma 10 that pox—-ap for some p€I(h), and 
therefore <q,7p> 0. On the other hand, in view of the definition of 4, 
<q, p> is exactly the value of °8(€))(ap) at the origin, which, as we 
have seen above, must be zero. This contradiction proves that ¢g—0, and 
therefore (8(7) °8(€)),o=—0. The general case is reduced to the one dis- 
cussed above by replacing € by €—&. 

Let @ denote the conjugation of g with respect to u, and pp, 
(p€ S(g)) the automorphism of S(g) over R which coincides with —6 on 
g. Select a base X,,---,X, for u over A such that B(X;,X;) —=—3;, 
1=1,jSn. Then if 

p= Mg) - (a(m,,: - -,m,) EC), 


it is clear that <py, p> = - -,mn)|? > 0 unless p=0. 


On the other hand, since every root a takes only pure imaginary values on 
it is obvious that —7. Therefore <z*,2*> is a positive real number 
for every integer k =0. Moreover, since 7?€ I(h), there exists (Lemma 9) 
a unique element »€JI(g) such that 7—-7*. It is clear that y, is also in 
I(qg) and 7, —7?=7. Hence we conclude from Lemma 9 that 
and therefore <y*,4*> >0 for any integer k=0. Put €=0(7*) of 
for some fixed k. It is obvious that & — <y*,7">, and therefore we get the 
following Corollary from Lemma 18. 


CoroLuaRy. Put for some integer k=0. Then 


Moreover, <n*,n*> and are positive real numbers. 


We shall now prove an algebraic result which will be needed in another 
paper. As before let » denote the Casimir polynomial of g and define 4 
differential operator o on gy as follows: f(X;0) =f(X3;0(X)) (XE 
It is obvious that o€ D(g). 


LeMMA 19. For any integer k=1, 
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d(w*) out = 4k! (An -(4n+0) 

mod wD(q), 
where n == dimg g. 

Define {D,,D.}==D,D,—D.,D, as before for any two differential 
operators D,,D,. Then a simple calculation shows that {0(w),w} = 2n + 4c. 
Moreover, if p is a homogeneous polynomial in S(g) of degree m, it is 
easily seen that op == mp, and therefore it is clear that 0(w)o = (o + 2)0(o). 


Hence 


{0(w*),o} = (2n + 


=m 


= (2n+4(0+ 2k—2— 2m) 


0=m~k 


= 


Therefore 
0(w*) wt = {0(w*), w} = 4k(4n k— 1)0(w**) © w*-1 mod wD(q), 


and our assertion now follows by induction. 


This lemma has the following significance for our later applications. 
Let ¢ denote a real variable. 


Corottary. For any f€C.°(go), put fr=0(o*) (o*f) (420). Then 
if X40 is an element in go such that o(X) =0, we have*® 


f fe(tX)dt — + k —1)/T(4n —1)} f “f(tX)dt 


for all integers k = 0. 
It is obvious that g(tX ;0) =tg(tX ;0(X)) —t(d/dt)g(tX) for any 
g€ C." (Go). Hence 


f f (d/dt)(tg(tX))dt = 0. 
0 0 
(n the other hand, it follows from Lemma 19 that 


Cif + +1) 91 + 092, 


where and Therefore, 
ince w(tX) = we conclude that 


** Here I stands for the classical Gamma function. 
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7. Differential operators on a reductive subalgebra. Let my be a Lie 
subalgebra of go. We assume that mo > ho and my is reductive in gy (see 
Koszul [6]). Then we can select a subspace qo of gp such that [1mo, qo] C q 
and go is the direct sum of mp, and qo. Let m,q be the complexificatio 
of tMo,qo, respectively, in g and let @ be the set of all roots «€ P for 
which X,€m. Then it is clear that m=bh-+ 2 + CX-a) and 

ae 


q= > (CX,+CX_.), where Q’ is the complement of Q in P. Since the 
a€Q’ 
restriction of the bilinear form B on m is obviously nondegenerate, we can 


apply the formalism described in Section 2 to Hyg») and Fyo—=mpy. For 
any X € m, let £(X) denote the determinant of the restriction of ad X on 4. 
(If q = {0}, we define £(X) to be 1.) Then &, being a polynomial function 


on m, lies in S(m). Moreover, ¢ coincides on h with (—1)* J] @?, wheres 
aeQ’ 


is the number of roots in Q’. Hence £0. Let m,’ denote the set of all 
X€m, where £(X)+0. Then m,’ is an open dense subset of my and 
ho’ C mo’. Put Q—A(S(q)), where A is the canonical mapping of S(q) 
into $8. The next two lemmas are proved in the same way as Lemmas ! 


and 5. 


Lemma 20. If X€ mv)’, Ty defines a one-one mapping of QXS(m) 
onto S(g). 


LeMMA 21. For every p€ S(q), there exists an integer k=0 and 1 
polynomial mapping yp of m into QMS(m) such that Tx(yp(X)) 
(X € mo) 


For any +€ G, let b—b* (b€B) denote the unique antomorphism 0! 
% which coincides with x on g. Then we also get an automorphism p+" 
of BXS(g) given by (6X p)*—b* Xp? (bE B, pe S(g)). It is obviow 
from the definition of Ty (Y € go) that (Ty(u))*=Tey(u7) (ve BXS(g)). 
Let 1M be the analytic subgroup of G corresponding to mp. It is obvious 
that and therefore (m€M). For any S(g), let 
Bp(X) (X€ mp’) denote the unique element in OXS(m) (see Lemma ?)) 
such that T'xy(Bp(X)) =p. Then if me M, 


p™ = (Tx(Bp(X)))™ =Tmx(Bp(X)™) (X € mw’). 


and this shows that Bp»(mX) = (B,)(X))™. Thus we have obtained th 
following result. 


LEMMA 22. For any S(g) and X€ let B, denote the unijue 
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element in QR S(m) such that Tx(Bp(X))—p. Then Bym(mX) = (By(X))™ 
(mé€ M). 


Put OD’ = SA(Sa(q)), where Sa(q) is the space of homogeneous elements 
d=1 


in S(q) of degree d. Let px(p) (X€m',pe€ S(g)) denote the unique 
element in S(m) such that B,(X)—(1Mpx(p))€O’RKS(m). Then it 
follows from Lemma 21 that there exists a differential operator A(p) on 
my whose local expression at X coincides with 0(yx(p)). On the other 
hand, since £ is nowhere zero on mo’, | ¢|# and | £|-# are analytic functions 
on ito’, and so, for any g€ S(m), | £|-#0(q) o| ¢ |# is a well-defined differential 
operator on nto’. Let pm denote the restriction of a polynomial p€ S(g) 
on m. Then pm€ S(m) and A(p)—|£|*0(pm)o|¢|* is a differential 
operator on mt>’. We shall denote its local expression at X € my’ in the usual 
way by (A(p) —|£|-0(pm)°|f|#)x. Let Mt be the subalgebra of B 
generated by (1,m). We put DY’ — Mm. 


LemMA 23. If peI(g) and XE LU then 
méeM 


(A(p) | #) x € XS(m)). 


Let D=A(p) —|€|-#0(pm) °|€|#. Since both ¢ and pm are invariant 
under M, it follows from Lemma 22 that Dnxy—=(Dx)™ (mé€ M,X€ m,’). 
Hence it would be sufficient to prove that Dy lies in 0(Tu(MY’ XS(m))) for 
H€h,’. Since mp is reductive, it is clear that Lemma 4 can be applied to 
m) in place of go. We now use the notation of Section 3 and put G,;»=—= GN M 
and Gy’ = M. Also fix an element H,€h,.’. Since 8(8) S(m) 
=8(3Mm) and the canonical mapping A of S(g) onto B is a linear iso- 
morphism, it follows that A(S($1m)) —Gm and Sp =GN MY. There- 
fore from Lemma 4 (applied to mm), Ty, defines a one-one mapping of 


SmXS(h) into S(m). Moreover £(#) is real and equal to + [J (a(H))? 


if HE). Therefore by applying Lemmas 7 and 8 to my (instead of go), 


we conclude that 
(1 £|-#0(pm) |#) — (47 O(p) Om) € XS(H))), 


where j is the restriction of p (and therefore also of pm) on §. On the 
other hand, it follows from the definition of A(p) that 


€ S(m) )). 


Therefore 


Du,=2(p) Or) 1, =0 mod 0(T,(S’ X )) 
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from Lemma 8. Now it is an immediate consequence of the defintion of 
Ty (Y€qo) that —Ty(b,XTy(b2Kq)) (01, Bq € 8(g)). 
Therefore, since S(m) it follows that X S(m)) 
C where B’ = Bg. But B’ = S’ + Bh and Ty,(Bh X 
={0}. Therefore Ty,(B’XS(h)) This proves that 
X S(m)) =Tu,(S’ K and hence Dy, € 0(S(m) N Tu,(S’ X 8(5))). 
But, as we have seen, S(m) —T'n,(SmMSabh)) and Ty, is univalent on 
SXS8(h) (Lemma 4). Therefore 


Du, € 8(h)) C a (MY S(m))), 
and so the lemma is proved. 
Corotuary. If H€ then 
(A(p) 0(p) Om) € O(TH(M’ )) 
for pe I(g). 


For, in view of what we have seen above, the left side lies in 


a(S(m) TH(S’ XK S(m))) and S(m)N XK S(m)) C KX S(b)). 


8. Closer study of a special case. Define f, and p, as in [4(c), §2] 
adn let f,p denote their respective complexifications in g. Throughout this 
section we shall assume that §) C f). Then the theory developed in Section 7 
can be applied to In this case and —det(ad 1X), 
(X €¥), where (ad XY), is the restriction of adX on p. Put P—A(S(p)). 
Then we intend to prove the following result concerning the Casimir poly- 


nomial w of g. 


LemMA** 24. There exists a unique polynomial mapping yw of £ ito 
such that x(yu(X)) = €(X)o (X € fo). Moreover (yu(X))* = 
for K and X EF. 


The case go =f, being trivial, we assume that pp 0. Let P_ and P, 
be the sets of all compact and all noncompact roots in P, respectively (see 
[4(g), p. 751]). Then if r is the number of roots in Po, dimp=2r. Let ! 
be an indeterminate and consider the polynomial 

Be Po 
with coefficients g,;€ S(). Let Wy be the subgroup of the Weyl group W 


14 The results of this section are quite similar to those of [4(e), §10]. 
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generated by the reflexions sg corresponding to a€ P_. Then, since £ is 
reductive (Lemma 5 of [4(c)]), W; can also be regarded as the Weyl group 
of f with respect to h (see [4(e), §6]). Let K denote the analytic subgroup 
of G corresponding to f, and I(f£) the set of those peé€ S(£) which are 
invariant under K. Similarly, let J;() be the set of all elements in S(6) 
which are invariant under W;. Then Chevalley’s Theorem (Lemma 9) is 
obviously applicable to (£,5) in place of (g,h). Hence (pe 
is an isomorphism of 7(£) onto J;(§). Now if 8 is a noncompact root and 
s€ W;, then s@ is also noncompact (see the proof of Lemma 10 of [4(g)]). 
From this it follows that q:€ Hence we can select J (£) 
such that For any put S(X) Then we shall 


first prove the following lemma. 
LEMMA 25. o,=€ and 
(S(X))" + 0:(X) (S(X))t =0 (4 €f). 
(Here Iy ts the identity mapping of p.) 
It is clear that and €=(—1)" [J B?=gq,. Therefore, in 


€Po 
view of the above isomorphism of I(£) onto 1 (6), we can conclude that 
{=o,. Moreover 7: (S(X))"* +: 
(Y€£) is obviously a polynomial mapping of f£ into the space of endomor- 
phisms of p, and therefore it would be sufficient to prove that + maps f, 
into zero. Moreover, since K is compact [7], f= U bo, and so it would 
ke 


clearly be enough to show that + maps , into zero. But if HE b, S(#) is 
semisimple and all its eigenvalues are of the form B(H)? (B€P,). There- 


fore 


= J (S(H) —B(H)#Iy) =0, 


and this proves our assertion. 
Now put 


% that S(Y)T(X) =T(X)S8(X) —L(X)Iy. Select a base ¥,,---,Y, 
(y= 2r) for p over C. Since £ and p are orthogonal under B, B is non- 
degenerate on p. Hence we can choose Y/€p (1S%iSp) such that 
B(Y/,¥;) =8; (1Si,jSp). Let of and wy denote the restrictions of w 
o£ and p, respectively. Then in view of the above-mentioned orthogonality 
and p, oy. Moreover, it is easy to see that o— 
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Now fix an element X € f and let S’, 7’ be two linear transformations of p 
which commute with (adX),. Put U;=S’Y;,, Vi=T’Yi, Ui 
V/=TY/ (1StsSp). Note tht Z— > BZ,Y/)Y¥i= BZ,Y,)Y/ 


1SiSp 1Si=p 


(Z€p), and therefore (ad > B(Z, (ad X)Y;’)¥;. Hence 
4 
(ad X)U;=S’ (ad XY) Y¥;=— > B(Yi, (ad X) Uj, 
j 
(ad =T’ (ad XY) = > B( (ad X) V7, Y;) V/, 


and so if we consider the tensor product pXp, it follows that 


((ad X)U,) X Vi = — BY, (ad X)¥V/)U;X V/ =— DU; (ad X)V/. 
4 j 


Obviously, this implies that 
[X, Ui] Vi =— i[X, Vi], 
4 a 
Now put Y,(X)=T(X)Y; so that S(X)V;(X) 
Then if U,VEp and fy, 
VX1)= + do) [V,X] [X, UILX, V] — (0, [X, V1] 
in the notation of Section 3. Hence 


1Sj=p 
But since (ad X),7(X) commutes with (ad X)y, it follows from our result 
above that 


and therefore 


1=j=p 
Now put 0(X) =— 4D V(X) + (YE#). Then 
i 
and b(X) =—D Moreover, it follows from 
j j 
our result above that 


= [(ad X)¥/, ¥(X)] =— [V/, (ad X)V(X)], 


| 

n 

( 

of 

Si 

lie 
en 
an 
Is 
me 


DIFFERENTIAL OPERATORS. 117 


and therefore Py (b(X) X1) =£(X)oy + LX, ¥;(X)]] (XE fo). Put 
W(X) =D and 
j 


yo(X) = b(X) X14+ (1 Koy) —(AXZ(N)) (X€ 
Then Z(X) € [p,p] C £, and therefore € BMS(£). Moreover, 
Py (yo(X)) + = (1) (X'€ fo) 


and it is clear from its definition that y. is a polynomial mapping of £ into 
XX S(£). We still have to prove its uniqueness. 

Let f,’ be the set of all points ¥ € f£, where (YX) 40. It follows from 
Lemma 20 that y. is completely determined on f,’ by the condition T'x(yo(X)) 
={(X)o. But it is obvious that two polynomial mappings of £ must be 
identical if they coincide on some nonempty open subset of £. This proves 
that y» 18 unique. 

For a fixed K, consider the mapping yw’: X¥ > (yo(kX))*" (XE 
It is clear that y,.” is a polynomial mapping which, in view of Lemma 22, 
must coincide with y, on Hence yu’ and therefore (y(X))* 
(ke K,X €£). This completes the proof of Lemma 24. 

We can now define a differential operator D on f) by 


Dy —0(Z(X)) (X € 


in the above notation. It is clear that D€ D(£) and it follows from Lemma 
24 that D is invariant under K. Finally, it is obvious from the defintion 
of A(w) (in Lemma 23) that D—{A(w) on f,’. Let D* denote the adjoint 
of D. 


LemMA 26. Let 1°(€,) denote the set of all functions f € C”(€) which 
are invariant under K. Then Df =D*f for f€ 


Let f be a fixed element in I*(f,). We have to prove that Df —D*f =0. 
Since D is invariant under K, the same holds for D*, and therefore Df — D*f 
lies in J*(f,). Hence, in view of the fact that f= LU (ko), it would be 

keK 


enough to prove that Df—D*f is zero on ho’. Let Ho be any point in hy’ 
and select an open connected neighborhood U of Hy in ho’. Then V= (J (kU) 
keK 


isan open connected neighborhood of ZH, in f. Let dX denote the Euclidean 


measure on f,. It is obvious that if g€ C.°(V), 


Jy oe 
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where g,(X) -f{ g(kX)dk (X € V) and dk is the normalized Haar measure 
K 


on K. Therefore, in order to prove that Df—D*f is zero on V, it is 
sufficient to show that 


for every ¢€1*(£,) which vanishes outside some compact set in V. Fix 
such a function ¢. Now V Cf,’ and therefore D—{A(w) on V. Moreover 
since £ takes only nonzero real values on the connected set V, it must keep 
constant sign. Hence it follows from Lemma 23 that 


y(X;D) = ef | |# (or) |*) (Ye 


where «= 1 or —1 according as ¢ is positive or negative on V. Therefore, 


if f/—=|f|#f and ¢’=|£|?¢, we have only to show that 


J ax — 


But, w; being a homogeneous polynomial of degree 2, 0(w;) is self-adjoint. 
Moreover, ¢’€ C."(V) and f’ is of class C® on V. Therefore the above 
relation is obvious, and so the lemma is proved. 


Since every root « takes only pure imaginary values on fo, it is clear 


that the corresponding Wey]! reflexion s, maps hy into itself. *Hence sh) =} 
for any s€ W. Put =1*(f)) @(£.) and consider the 6-topology 
on J(f,). 


ane 


Lemma 27. For any f € @(§o), there exists exactly one element wy, € I”(f,) 
such that = «(s)f(sH) (H€ho). Furthermore, yy lies 


sew 
J(f.) and f— yy, is a continuous mapping of (Ho) into J(f). 


Since = (J hho, a function in is completely determined by its 
keK 


restriction on 6)’. Therefore the uniqueness of yy is obvious. Now put 
u=f,-+ (—1)%p,. Then u is a compact real form of g. Let U be the 
(connected) adjoint group of u and let J(:) denote the set of all functions 
in @(u) which are invariant under U. We consider the @-topology on 
J(u). Then from Lemma 17, there exists, for each f€ @(ho), a unique 
element ¥,;€ J(u) such that 


n(H)W,;(H) = «(s)f(sH) (H € Gy) 
sew 
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and f—>, is a continuous mapping of @(o) into J(u). Let o denote 
the mapping of @(u) into @(£,) which assigns to any function its restriction 
on f,. It is obvious that o is continuous and it maps J(u) into J(£,). 
Therefore is a continuous mapping of into J(£)) and 
y, satisfies the condition of the lemma. 

Put 1,°(£) = 1° (fo) and consider and I,”(£o) 
under the (*-topology. If Q is any compact set in }, and f a function 
in C.”(Ho) whose carrier lies in Q, then it is obvious that the carrier of yy 


is contained in Q’ = kQ. Since Q’ is compact, it follows that yy € I,” (£5) 
keK 
and (f€ C."(Ho)) is a continuous mapping of C,°(Ho) into (fo). 


LEMMA 28. Duy = for all f€ B(Bo). 


It is sufficient to prove that Dyy— fpaiayy is zero on ho’. Select a point 
Hy, € ho’. We know that D—{A(w) on £,’, and therefore it follows from 
the Corollary of Lemma 23 that 


D) ) = €(Ho) *g (Ho; 


where g is the function on h, given by 
fo) 


g(H) =2(H)y,(H) = <(s)f*(H) (H€ bo). 


On the other hand, (0(0)f)*—0(a)f* (s€ W) since o€ J(h), and therefore 
i(o)g = e(s) (0(@)f)*. This proves that 
sew 


g(H 30(0)) (A) (HE bo), 


and therefore Ho) (Ho). 

Let r be a distribution on f, which is invariant under K. Then we 
define a distribution on h, by ®(f) (f€ Cc” (Ho)). Notice that 
ifr is a @-distribution, the same holds for ©. The following theorem is 


the main result of this section. 


THEOREM 5.'° Suppose there exists a complex number c such that 
Dr—=ctr. Then ® coincides with an analytic function on po. 

Let f be a function in C,”(§o). Then =7(Dyy) = 
fom Lemmas 26 and 28. But r(D*y;) =cr(fy;) —c®(f) since Dr = 


Therefore ® satisfies the differential equation 0(6)@—-cb—0. But since 
Cf, & is a negative-definite quadratic form on ho, and so this equatior 


** Compare this with Theorem 5 of [4(e)]. 
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is of the elliptic type. Hence we can conclude (see [8(I), p. 136] and [5]) 
that @ is an analytic function on fp. 

We shall see in another paper that the above theorem plays an essential 
role in the theory of Fourier transforms on a noncompact semisimple Lie 


algebra. 
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SUR LA CLASSIFICATION DES FIBRES HOLOMORPHES SUR LA 
SPHERE DE RIEMANN.* 


par A. GROTHENDIECK.' 


Par. 1. Enoncé du théoréme principal. Soit XY une variété holomorphe 
(ou plus généralement un “espace analytique” [6]), nous considérons des 
fibrés holomorphes sur XY, de groupe structural un groupe de Lie complexe G. 
Soit Ox(G) le faisceau des germes d’applications holomorphes de X dans G, 
(c’est un faisceau de groupes, en général non commutatifs), nous désignerons 
par H1(X,Ox(G)) Vensemble des classes de fibrés holomorphes sur X, de 
| groupe structural G. (Pour tout ce qui concerne la notation H1(X,F)—ot 
F est un faisceau de groupes non nécessairement commutatifs sur Y—et son 
mécanisme algébrique, voir [4]). Nous n’exigeons pas que G@ soit connexe, 
et désignerons par G, la composante connexe de l’élément neutre, par & 
son algebre de Lie. G est dit réductif si son algébre de Lie © est réductive, 
c'est & dire somme directe de son centre et. d’une algébre semi-simple. Par 
abus de langage, nous appellerons sous-groupe de Cartan H de G un sous- 
groupe holomorphe conneze ayant pour algébre de Lie une sous-algébre de 
Cartan h de ©. Si G@ est un groupe algébrique connexe, cette terminologie 
coincide avec elle de [3]. Si Z est le centre de Go, alors H contient Zo, et H 
est l'image réciproque d’un sous-groupe de Cartan H, du groupe G,—G)/Z, 
(qui est semi-simple dans le cas ot G est réductif), D/’aprés la définition 
générale des sous-algébres de Cartan [3], si NV est le normalisateur de H 
dans G, le quotient W—N/H est un groupe discret (et méme fini si G/G, 
est fini), on l’appelle le groupe de Weyl de G. 

Tout fibré holomorphe de groupe structural H définissant un fibré holo- 
morphe associé de groupe structural G, on obtient une application canonique 
H'(X¥,Ox(H)) > H*(X,Ox(@)). D’autre part, N opére par automor- 
phismes intérieurs dans @ et H est stable sous ces opérations, d’ou d’ensuit 
que V opére aussi dans les ensembles H1(X,Ox(H)) et H'(X,Ox(G)) et 
lapplication précédente est compatible avec ces opérations. D/ailleurs les 
opérations sur le deuxiéme ensemble, correspondant 4 des automorphismes 


* Received October 12, 1956. 
*La majeure partie de ce travail a été faite en 1955 alors que l’auteur était Visiting 
Associate Professor a l’Université de Kansas, USA. 
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intérieurs de G, sont triviales, et pour la méme raison les éléments de H 
opérent trivialement sur H'(X,Ox(H)), de sorte qu’en fait le groupe de 
Weyl W—WN/H opére sur cet ensemble. On en déduit une application 
canonique 
(1) H*(X, Ox (i1))/W H?(X, Ox(G) ) 
out le premier membre désigne l’ensemble des trajectoires dans H*(X,Ox(H)) 
sous le groupe de Weyl. L’image de cette application est l’ensemble des classes 
de fibrés holomorphes de groupe G dont le groupe structural peut se réduire 
au sous-groupe de Cartan H. Le but du présent travail est la démonstration 
du 

THioREME 1.1. Soit G un groupe de Lie complexe réducttf, soit X la 
sphére de Riemann (c’est a dire une courbe algébrique complete de genre 0). 
Alors Vapplication (1) est bijective, en d’autres termes: Pour tout fibré 
holomorphe sur X de groupe structural G, le groupe structural peut se rédutre 
au sous-groupe de Cartan H de G, et ceci de fagon unique a une opération 


du groupe de Weyl W pres. 


On peut expliciter ce résultat ainsi. On sait, puisque @ est réductif, que 
H est abélien, soit § son algébre de Lie. L’homomorphisme h— exp. 2ih 
de h sur H identifie l’espace vectoriel ) & un groupe de recouvrement de H, 
soit P son noyau (“réseau unité” de h). La suite exacte O> P>h->H-0 
donne une suite exacte de faisceaux abéliens 0— P— Ox(h) > Ox(H) 
d’ot une suite exacte de cohomologie 


H*(X,Ox(h)) > H*(X, Ox(H) ) > H?(X, P) > H?(X, Ox(5)). 


Or il est bien connu que H‘(X,Ox) =0 pour 121 (Ox étant le faisceau 
des germes de fonctions holomorphes sur X) : c’est vrai chaque fois que X est 
un espace projectif complexe [5]. Par suite on a aussi H*(X,Ox(h)) =?, 
d’ou 

(2) H?(X,Ox(H)) H?(X,P) =P. 


Ces isomorphismes sont “fonctoriels,” et en particulier compatibles avec les 


opérations de W, donc on obtient: 


CorRoLLAIRE 1. Sous les conditions du théoréme 1.1, Vensemble 
H*(X,Ox(G)) s’*identifie a Vensemble P/W, P est le réseau unité dans 
Valgébre de Cartan } correspondant au groupe de Cartan H, et W le groupe 
de Weyl correspondant a H. 


Supposons pour simplifier que G est connexe et semi-simple, considérons 
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un systeme fondamental de racines (%),sicr sur [2], et la “chambre de 
Weyl” C formée des h€ § tels que %(h) =O pour tout t. On sait que tout 
élément A de h tel que a,(h) soit réel pour tout 1, est conjugué sous W a 
un élément et un seul de C (savoir le plus grand des transformés de h par W, 
dans l’ordre lexicographique relatif & une certaine base de h [2]). Donc: 


COROLLAIRE 2. Si G@ est connezxe semi-simple, alors H'(X,Ox(G@)) 
videntifie &@ Vensemble des éléments du réseau unité P de G relativement 
i qui sont dans le chambre de Weyl C. 


En un certain sens, la classification des fibr¢s holomorphes sur la sphére 
de Riemann X, de groupe G, est duale de la classification des représentations 
linéaires de dimension finie de G [2]. On peut préciser ce point en donnant 
un énoncé équivalent du théoréme 1.1 ne faisant plus intervenir de sous- 
group de Cartan. Pour ceci, rappelons d’abord que le groupe H1(X, Ox(C*) ) 
des classes de fibrés de groupe C*? sur une variété projective X, s’identifie 
au groupe des classes de diviseurs sur X mod les diviseurs principaux, donc 
au group Z des entiers rationnels quand X est la sphére de Riemann. Soit 
dans ce cas L, le fibré vectoriel holomorphe sur X, de fibré C et de groupe C*, 
correspondant 4 un diviseur de degré 1. Si G est un groupe de Lie complexe 
queleonque, et w un homomorphisme complexe de C dans G, on peut con- 
sidérer le fibré holomorphe de groupe structural G associé & L, et a u. 
La classe de ce fibré ne change évidemment pas si on remplace wu par 
== gu(t)g* (car, comme on l’a déja remarqué, la permutation de 
H'(X,Ox(G)) définie par un automorphisme intérieur de G est Videntité). 
En d’autres termes, désignant par Hom(C*,G)/G l’ensemble des classes de 
homomorphismes complexes de C* dans G, mod composition avec des auto- 
morphismes intérieurs de G, on obtient une application naturelle 


(3) Hom (C*, G)/G— H'(X, Ox(G@)). 


THéOREME 1.2. Soit X la sphére de Riemann, G un groupe de Lie 
complexe réductif. Alors Vapplication (3) est bijective. En d’autres termes, 
lout fibré holomorphe sur X de groupe G est associé au fibré fondamental L, 
etd un homomorphisme complexe u de C* dans G, et ce dernier est unique 


mod. composition avec un automorphisme intérieur de G. 


La démonstration des théorémes 1.1 et 1.2 sera développée dans les 
B par. 2, 3, 4. Nous allons ici d’abord montrer que le théoréme 1.2 est bien 


*C désigne le corps des complexes, (* le groupe complexe multiplicatif des nombres 
complexes 5 0. 
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équivalent au théoréme 1.1. Prouvons d’abord que le th. 1.2 est vrai si @ 


est un groupe abélien connexe H. Considérons alors le diagramme 
Hom (C*, H’(X,Ox(#)) 

ou P est le réseau unité de l’algébre de Lie § de H, ot ’homomorphisme 
horizontal est celui envisagé dans le th. 1.2, et ’homomorphisme vertical 
droit est ’isomorphisme (2). Le troisicme homomorphisme P > Hom(C*, H) 
est aussi un isomorphisme, obtenu en remarquant que les homomorphismes 
complexes de C* ~C/Z dans H ~}b/P correspondent biunivoquement aux 
homomorphismes de C dans § appliquant Z dans P, c’est-a-dire aux éléments 
de P. Le diagramme ainsi obtenu est commutatif, comme on voit aussitit, 
d’o résulte que ’homomorphisme horizontal est lui aussi bijectif—Passons 
au cas général ol on a un groupe de Lie complexe réductif G quelconque. 
On a un diagramme commutatif d’applications naturelles: 


a’ 


Hom (C*, /W —> Hom (C*, G)/G 
| 
| B 


H*(X,Ox(H))/W—> H*(X, Ox(G)) 


Le théoréme 1.1 (resp. 1.2) signifie que a (resp. B) est bijectif. Nous 
venons de voir que Hom(C*, 11) > H'(X,Ox(H)) done aussi f’ est bijectil, 
et nous allons démontrer ci-dessous que @ est aussi bijectif. Il en résulte 
bien que les théorémes 1.1 et 1.2 sont équivalents. Il] reste donc seulement 
i prouver l’énoncé suivant, sans doute bien connu, de la théorie des groupes 


de Lie: 


Proposition 1.3. Sott G un groupe de Ine complexe réductif, H un 
sous-groupe de Cartan, N le normalisateur de H dans G et W=WN/H le 
groupe de Weyl correspondant. Alors tout homomorphisme complexe de C* 
dans G est conjugué par automorphisme intérieur dans G a un homomor- 
phisme complexe de C*" dans H, qui est unique a une opération de W pres. 


Pour montrer que tout homomorphisme wu de A =—C*" dans & est con- 
jugué 4 un homomorphisme complexe 4 valeurs dans H, on peut évidemment 
supposer G connexe (puisque u(A) C G,), et ensuite G semi-simple (puisque 
H est l’image réciproque d’un sous-groupe de Cartan de G/Z,, ou Z est le 
centre de G). Alors G peut étre regardé comme un groupe algébrique linéaire 
[3]. Comme toute représentation linéaire holomorphe de A est semi-simple 
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(puisque A est la complexification d’un groupe compact 7), u(A) est une 
partie de G formée d’opérateurs semi-simples deux 4 deux permutables, done 
est contenu dans un sous-groupe de Cartan de G [3, Chap. 6, prop. 18], donc, 
puisque tous les sous-groupes de Cartan de G@ sont conjugués (loc. cité, th. 4), 
il existe un g€G@ tel que gu(A)g* CH, ce qui établit notre assertion. 
Prouvons maintenant que deux homomorphismes wu, wu’ de A dans H qui sont 
conjugués dans G, sont conjugués par un élément de NV. I] revient au méme 
de dire que si A, B sont deux parties de H et g€ G tels que gAg"* —B, alors 
il existe un n€ N tel que nan“! = gag"! pour tout a€ A. (La démonstration 
trés simple qui suit m’a été signalée par A. Borel). Ceci signifie qu’il existe 
n€ N tel que m = g-'n appartienne au centralisateur M de A. Or A—g"*Bg 
est contenu dans H et H’=g-'Hg, donc M contient H et H’, qui sont 
évidemment encore des sous-groupes de Cartan de M. II] s’ensuit (loc. cité) 
que l’on peut trouver un mC M tel que m*H’m =H, et il suffit de poser 
n= gm. 

Nous aurons besoin plus bas du résultat suivant, sans doute bien connu; 
et qui contient prop. 1.3 dans le cas ot. @ est semi-simple connexe: 


Proposition 1.4. Soi G un groupe de Lie complexe connexe semt- 
simple, H un sous-groupe de Cartan, x et y deux éléments de H tels que 
pour toute representation linéaire complexe irreductible de dimension finte U 
deG, on ait TrU(x) =TrU(y). Alors x et y sont conjugués sous le groupe 
de Weyl. 


Donnons la démonstration de ce résultat pour la commodité du lecteur. 
H est une variété algébrique affine (isomorphe 4 C*", ot r est le rang de G). 
Soit A V’algébre des fonctions rationelles sur H, elle s’identifie 4 l’algébre 
du groupe P° C h’, réseau du dual h’ de h “polaire” du réseau unité P de 
8 A€ P® correspondant la fonction f, (exp 2tmh) 2im<h, A>. W est 
wn groupe d’automorphismes de l’algébre affine A, que peut se définir soit 
directement 4 partir des opérations de W sur H, soit par l’intermédiaire des 
opérations de W sur le groupe P®. Soit A” la sous-algébre des éléments de 
4 invariants sous W, comme W est fini elle “sépare” les trajectoires de W 
dans H, en d’autres termes deux points x et y de H sont conjugués sous W 
et seulement si on a f(r) pour toute f€ A¥. La proposition sera 


‘ 


done prouvée si nous prouvons que les restrictions 4 H des caractéres des 
teprésentations linéaires irréductibles de dimension finie de G engendrent 
lespace vectoriel AY. Or A™ est espace vectoriel engendré par les fonctions 
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relatif 4 I, alors tout élément de P° est transformé par W d’un poids dominant 
d’une représentation linéaire irréductible de G [2], on peut donc se borner 
a prendre les A qui sont de tels poids dominants. Or on voit facilement 
qu’une telle ¢, est bien combination linéaire 4 coéfficients entiers de carac- 
teres de représentations linéaires irréducibles, gréce au fait que dans la 
représentation linéaire irréductible de poids dominant donné A, la multiplicité 
de A (donc le coéfficient de f, dans l’expression du caractére de la représen- 


tation envisagée) est 1. 


Sotent u,u’ deux homomorphismes complexes de A 
dans H tels que pour toute représentation linéaire holomorphe trréducible U 
de dimension finie de G, on ait TrUocu=TrUow’. Alors wu et w’ sont 


conjuguées par une opération du groupe de Weyl. 


Soit T la circonférence unité dans C*, soit t un élément de TJ” engendrant 
un sous-groupe dense, il suffit alors d’appliquer la prop. 1.4 4 u(t) et w’(t). 


Par. 2. Fibrés vectoriels. Nous allons prouver le théoréme 1.1 quand 
G est le groupe linéaire Gl(r,C) des automorphismes de l’espace vectoriel 
complexe €*’. Alors la classification des fibrés holomorphes de groupe 
Gl(r,C) est aussi elle des fibrés vectoriels holomorphes. Notons que le 
sous-groupe H de Gl(r,C) formé des matrices diagonales est un sous-groupe 
de Cartan. Les fibrés holomorphes vectoriels 4 groupe structural H s’identi- 


fient aux fibrés vectoriels avec une décomposition donnée = > de 
i=1 


en somme directe de sous-fibrés vectoriels holomorphes 4 fibre de dimension 1. 


Le théoréme 1.1 s’énonce maintenant ainsi: 


THEOREME 2.1. Soit X la sphére de Riemann. Tout fibré vectoriel 
holomorphe E sur X est somme directe de sous-fibrés vectoriels holomorphes 
F, (1Sisr) a fibres de dimension 1. Les classes des fibrés F;, sont bien 


déterminées a une permutation pres. 


Si on se rappelle que la classe d’un fibré vectoriel holomorphe 4a fibre €* 
est définie par son degré, qui est un entier rationel arbitraire, on obtient le 


L’ensemble H1(X,Ox(Gl(r,C)) des classes de fibrés vec- 
toriels holomorphes sur la sphére de Riemann X, s’identifie & V’ensemble des 
suites décroissantes ny =n.=:++:-=n, de r entiers rationnels, a une telle 
suite correspondant la classe du fibré > Ln,, ot Ly est le fibré vectoriel holo- 
morphe de fibre C sur X ayant le degré n. 
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La démonstration qui va suivre s’applique aussi bien dans le cadre de 
la Géométrie Algébrique sur un corps de base algébriquement clos quelconque. 

Netons d’abord que d’aprés Serre [6] la classification des fibrés vectoriels 
analytiques, ou des fibrés vectoriels algébriques au sens de Weil [8], au 
dessus d’une variété holomorphe projective (done algébrique), est la méme. 
Dans le cas oti XY est une courbe sans singularités, toute application rationelle 
de Y dans une variété projective est réguliére (résultat élémentaire purement 
local) d’oti il résulte que plus généralement, toute section rationelle d’un 
fibré algcbrique localement trivial sur X de fibre une variété projective, est 
en fait réguliére. Appliquant ceci au fibré associé au fibré vectoriel algé- 
brique FE, de fibré l’espace projectif défini par C*, on voit qu’on peut trouver 
un sous-fibré vectoriel algébrique #, de F a fibre de dimension 1: il suffit de 
prendre une section rationelle s 40 de F, c’est aussi la section rationelle d’un 
fibré H, du type cherché, évidemment unique. (Le fait que EF est un fibré 
algébrique nous sert précisément pour assurer l’existence de sections méro- 
morphes non identiquement nulles!). Appliquant ce résultat au fibré vectoriel 
E/E,;, on construit de proche en proche une “suite de composition ” 
C#,C de FE par des sous-fibrés vectoriels 
holomorphes tels que les #;/H,, aient des fibres de dimension 1 (1Si=r). 
Soit ds = le degré de fibré on va pouver que l’on peut 
choisir la suite de composition de telle sorte que la suite des d; soit décroissante. 


LEMME 2.2. Les degrés des sous-fibrés vectoriels holomorphes L de EK 
a fibre de dimension 1 sont bornés supérieurement. 


De fagon précise, on a d(L) =Supdj;. En effet, soit 1 le premier indice 
i 


tel que L C H;, soit s 40 une section méromorphe de ZL, s’ la section méro- 
morphe de H;//;_, qu’elle définit. Les diviseurs de s et s’ satisfont évidemment 
(s) S (s’), dot deg(s) Sdeg(s’) c’est A dire d(L) =d(L;), eqfd. 

Pour construire maintenant les LH; de facon que la suite d; soit décrois- 
sante, prenons d’abord pour £, un sous-fibré vectoriel holomorphe de F, de 
fibré C, de telle fagon que d(#,) soit le plus grand possible, construisons de 
méme le sous-fibré #,/H, de E/E,, ete. Je dis que la suite des d; = d(E,/E,.1) 
est alors décroissante. On est ramené aussitét & prouver que d,=d,, puis 
fn remplacant # par F,, au cas ot la fibré de # est de dimension 2. On 
doit done prouver: 


LEMME 2.3. Soit EF un fibré vectoriel holomorphe de fibre C? sur la 
sphére de Riemann X, soit E, un sous-fibré vectoriel holomorphe a fibré C. 
tel que d(E,) soit le plus grand possible. Alors d(F,) =d(KE/EF,). 
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Nous allons prouver en effet que si d,; < dz, alors il existe un sous-fibré 
vectoriel holomorphe de # de degré > dy, c’est & dire qu’il existe une section 
méromorphe s0 de E telle que deg(s) >d,. Pour ceci, on peut supposer 
d,——1 d’ot d,=0, en remplacant au besoin # par son produit tensoriel 
avec un fibré vectoriel holomorphe L_,-4, de degré —1—d,. (En effet, les 
sous-fibrés vectoriels holomorphes de # et de L@£F sont en correspondance 
biunivoque par > ® F£,, et L est isomorphe 4 (L® £)/(L@E,), 
enfin le degré de L@E, resp. L® est égal celui de FE, resp. 
augmenté de n =—-1—d,). Pour un fibré vectoriel holomorphe M quelcon- 
que, désignons par Ox(M) le faiseau des germes de sections holomorphes de WM. 
On a alors une suite exacte de faisceaux Ox(E,) Ox(F) Ox(E/E;) 
— 0, d’oi une suite exacte de cohomologie 


H°(X, Ox(E)) > H°(X, Ox(E/E;)) > H*(X, Ox(B;)). 


Or d’aprés le théoréme de dualité [7], H*(X,Ox(F,)) a méme dimension 
que H°(X, Ox(Ly-a,)) o1 k = 2g —2 est le degré de la “classe canonique” 
de diviseurs (g désigne le genre de Y). Or on a g=0, d,——1, doi 
Ly-a—=L_,; le diviseur d’une section méromorphe de L_, a pour degré —1, 
donc ne peut étre = 0, done H°(X, Ox(L_,)) =0 et par suite H*(X, Ox(£,)) 
= 0, donc la suite exacte précédente prouve que toute section holomorphe de 
E/E, provient d’une section holomorphe de £. Or, comme H/E, a un degré 
d. = 0, il admet une section holomorphe non nulle, il en est donc de méme 
de FZ. Une section holomorphe non nulle s de E a un diviseur de degré 
=> 0 done de degré > d, = —1, ce qui achéve la démonstration du lemme 2. 3.’ 

Soit done (£;) une suite de composition du fibré vectoriel F, telle que 
la suite des degrés d; des (1 Sir) soit décroissante, nous allons 
prouver que FH est isomorphe 4 la somme directe des H;/E,.. On procéde 
par récurrence sur 7, l’assertion étant triviale pour r—1. Supposons la 
démontrée pour des fibrés vectoriels de fibre €C” avec 7” Sr—1 (r étant w 
entier = 2), prouvons la pour F de fibre C’. D’aprés l’hypothése de récur- 


r-1 
rence, est isomorphe & nous allons prouver que l’extension 
é=1 


du fibré vectoriel Q—FE/E,, par le fibré vectoriel P=E,_, est triviale, 
e’est & dire qu’il existe un homomorphisme holomorphe de Q dans FE qui, 
composé avec ’homomorphisme canonique donne V’identité. Soit 


*Cette démonstration est due 4 J. P. Serre. La démonstration originale était 
beaucoup moins transparente.—Le referee fait remarquer que ce résultat figure aussi, 
sous une forme différente, dans Atiyah, Proc. L. M. S. 1955. 
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le fibré dual de La suite exacte Q’® P> QY’ @ E> Q’ ®Q—0 donne 
naissance & une suite exacte de cohomologie 


H°(X, Ox(Q’@E)) > H°(X, Ox(Q’@Q)) > H*(X, Ox(Q’ @P)). 


Or on a 


r-1 r-1 
Q’@P => (E/E,1)' @ La-a, 


i=1 
r-1 
d’ou Ox(Q’ P)) ~ Ox(La,-a,)); et comme d;— d, = 0>— 
i=1 


un calcul déja fait montre que H'(X, Ox(La,-a,)) =0, dot H1(X, Ox(Q’ @ P)) 
=0(. Done le premier homomorphisme de la suite exacte écrite plus haut 
est surjectif, en particulier l’automorphisme identique de Y (considéré comme 
section holomorphe du fibré Q’@Q) appartient a cette image, i.e., peut se 
remonter en un homomorphisme holomorphe de Q dans L.4 

On a démontré la premiére partie du théoréme 2.1. Reste 4 prouver 
que dans une décomposition en somme directe H = > Fj, les degrés des fibrés 
F, de fibré C sont bien déterminés 4 ordre prés. Ce fait pourrait se déduire 
(un théoréme du type Remak-Krull, di 4 Atiyah (non publié), affirmant 
que la décomposition d’un fibré vectoriel holomorphe, sur un espace analytique 
compact XY, en somme directe de fibrés vectoriels “ indécomposables,” est essen- 
tiellement unique. Mais nous aurons besoin dans le cas actuel d’un résultat 
plus précis, que voici: 


PROPOSITION 2.4. Sott H=> F; un fibré vectoriel holomorphe sur la 


sphére de Riemann X, somme directe de sous-fibrés vectoriels holomorphes 
a fibré C, de degrés d;. Soit, pour tout entier rationnel k, E;, le sous-fibré 
vectoriel de EF, somme directe des F; tels que d;=k. Alors EF; est égal au 
plus petit sous-fibré vectoriel holomorphe de E contenant les sections méro- 
morphes s de E dont le diviseur est de degré =k (en particulter, Fy, est 
défint indépendamment de la décomposition donnée de E). 


CoroLLAIRE. Le nombre d’indices i tels que dj=k est égal & la dimen- 
sion de la fibre du fibré vectoriel E;,/Ex,,, donc ne dépend pas de la décom- 
position choisie de E. 


La démonstration de la proposition 2.4 est immédiate, et laissée au 
lecteur. 


‘Nous avons montré que si P et Q sont deux fibrés vectoriels holomorphes sur 
lespace analytique X, tels que H*(X,Ox(Q’ @ P)) =0, alors toute extension holo- 
morphe de Q par P est triviale. En fait, il n’est pas difficile de se convaincre que dans 
tous les cas, les classes d’extensions holomorphes de Q par P correspondent biunivoque- 
ment aux éléments de H*(X,Ox(Q’ @ P)) (Serre). 
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Par. 3. Fibrés orthogonaux. 


PROPOSITION 3.1. Sott X wn espace analytique compact. L’application 
canonique de H*(X,Ox(O(r,C))) dans H*(X,Ox(Gl(r,C))) déduite de 
Vinjection naturelle O(r,C) —~>Gl(r,C) est injective. 


En d’autres termes, deux fibrés vectoriels orthogonaux holomorphes sur 
X, isomorphes en tant que fibrés vectoriels holomorphes, sont aussi isomorphes 
en tant que fibrés vectoriels orthogonaux holomorphes. Pour le prouver, 
on peut supposer que sur le fibré vectoriel holomorphe /, on a deux struc- 
tures orthogonales holomorphes définies par la donnée sur toute fibre L, 
(x€X) de deux formes quadratiques (a,b) et (a,b), non dégénérées, 
(fonctions holomorphes du point z), et il faut montrer qu’il existe un auto- 
morphisme holomorphe wu du fibré vectoriel 7, transformant la premiére forme 
en la seconde, c’est & dire tel que (a,b),—(ua,ub) pour a,b€ H,. Pour 
toute fibre on peut écrire (a,b), = (Aza, b), A, est un endomorphisme 
de EF, tel que A —A* (ou A* est l’adjoint de A relativement & la premiére 
forme quadratique: (A*a,b) =(a,Ab) pour a,b€ Az est inversible, 
et pour z variable, est une fonction holomorphe de z, donc définit un auto- 
morphisme A du fibré vectoriel #. On cherche done un automorphisme 
vectoriel holomorphe wu de tel que (wa,ub) = (Aa, b) c’est & dires A = u*u. 
On va voir qu’on peut méme choisir u tel u—u*, et A=u*tu—u?*. Pour 
ceci, considérons le polynéme caractéristique det(A—z-1) de A, ses coéffi- 
cients sont des fonctions holomorphes sur X, donc constantes puisque X est 
compacte, pourvu qu’on suppose XY connexe, ce qui est loisible. Done le 
polynéme caractéristique de A, est indépendant de Soient -,Ax ses 
racines distinctes, de multiplicités @,,---,a,. Pour tout H, est 
somme directe de sous-espaces H‘, bien déterminés, de dimension 
chacun desquels A, induit un opérateur de la form \;(1-+ w‘,), ot w!, est 
nilpotent. Les H‘, sont orthogonaux deux A deux puisque A=A*. Les FE’; 
et les wu‘, sont fonction holomorphes de z, done E est somme directe de sous- 
fibrés vectoriels holomorphes Ft (1=i=<=hk), tels que la fibre de Fé en « 
soit H*,. Soit »; une racine carrée de dj, posons 


vt, = ( 1 + ué,)3 


oti on pose (1+ ui,)# (1/k!) (4)(4—1)- - (4—k +1) (ui,)*. Alors 
k=-0 


v‘, est un endomorphisme de FH‘, fonction holomorphe de z, de plus on a 
vi, = (v',)*. Soit ’endomorphisme de défini par les v‘,, leur somme 
directe, on a w—u* puisgue les v‘ sont autoadjoint et les Fé orthogonaux 
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deux a deux, et de plus u?—A par construction, ce qui achéve la démon- 
stration. 


Remarques 1. La démonstration qui précéde est encore valable en 
Géométrie Algébrique sur un corps algébriquement clos quelconque de carac- 
téristique p42. Une démonstration exactement analogue prouverait de 


méme que l’application canonique 
H*(X,Ox(Sp(r,€))) H*(X, Ox(Gl(2r,€))) 


est injective sous les mémes conditions. On pourrait en déduire directement, 
comme pour le cas du groupe structural O(r,C) traité ci-dessous, la classi- 
fication des fibrés symplectiques holomorphes sur la sphére de Riemann. 
Cette démonstration a lavantage d’étre encore directement applicable en 
Géométrie Algébrique (en caractéristique p42), contrairement 4 celle du 
par. 4. 


2. L’analogue de la Proposition 3.1 pour le groupe structural SO(r,C) 
au lieu de O(r,C) est fausse déja si r—2 et quand X est la sphére de 
Riemann. 

En vertu de prop. 3.1, la détermination de H1(X,Ox(O(r,C))) revient 
a la détermination de l’image de cet ensemble dans H1(X,Ox(Gl(r,C))). 
On a alors: 


THEOREME 3.2. Sotent X la sphére de Riemann, E un fibré vectoriel 
holomorphe sur X. Pour qu’tl existe sur TE une structure orthogonale holo- 
morphe, il faut et i suffit que E soit isomorphe au fibré dual E’. Alors le 
fibré orthogonal dont il provient est bien déterminé a un tsomorphisme pres. 


La nécessité de la condition est triviale, et le résultat d’unicité est un 
cas particulier de prop. 3.1. Reste a prouver que si FH est isomorphe a LH’, 
Ff admet une structure orthogonale holomorphe. Mais soit (n;) la suite des 
invariants de # (th. 2.1, corollaire) alors la suite des invariants de E’ 
est évidemment a l’ordre prés (—n;), et Vhypothése signifie que ces deux 
suites sont les mémes & une permutation prés, c’est 4 dire que la famille (n;) 
est symétrique par rapport a 0. Dans la décomposition H ~ > Ln, on peut 
done grouper ensemble les composantes qui correspondent a des nm nuls, et 
les E; correspondants 4 des n; opposés, done # apparait comme somme directe 
Yun fibré trivial Ho, et de fibrés du type L+L’. E, peut évidemment se 
munir d’une structure orthogonale, donc le théoréme résultera du 


LEMME 3.3. Soit L un fibré vectoriel holomorphe sur un espace ana- 
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lytique X, soit L’ son dual. Alors le fibré L +L’ est muni d’une structure 


orthogonale canonique. 


Il suffit en effet, sur chaque fibré L,-+ L’,, d’introduire la forme bi- 
linéaire symétrique 
(a + a’, b + b’) = <a, b’» + <b, a’> 
oi les produits scalaires du second membres sont relatifs 4 l’accouplement 
naturel de LZ, et de son dual. 


Proposition 3.4. Soient X la sphére de Riemann, E un fibré vectoriel 
orthogonal sur X, et soit pour tout entier rationnel k, E;, le plus petit sous- 
fibré vectoriel holomorphe de E contenant les sections méromorphes ayant 
un diviseur de degré =k (cf. prop. 2.4). Alors le sous-fibré vectoriel de E 
orthogonal de est E_x,1. 


Par raison de symétrie, on peut supposer k= 1. D’aprés le théoréme 
3.2, E est de la forme 
+ > (Ln, + 
ni>0 
ou les facteurs Hy et (Ln, +L-,,) sont deux 4 deux orthogonaux, enfin les 
Ln, et Ly, isotropes et F, constant. La proposition résults alors immédiate- 
ment de la prop. 2.4. 


Par. 4. Démonstration du théoréme principal. a) Reduction du 
group structural. 


LEMME 4.1. Sotent X un espace analytique complexe compact, G un 
groupe de Ite complexe, P un fibré holomorphe sur X de groupe structural 
G, E le fibré associé adjoint de fibre Valgébre de Lie © de G (ou G opere 


par la représentation adjointe). Supposons qu’on connaisse une section 


holomorphe s de E telle que, en au moins un point a€ X, s(a) soit un élément 
régulier [3, Chap. 6] de V’algébre de Lie Ey, fibre de FE ena. Alors s(zx) est 
un élément régulier de E, pour tout re X. 


Les coéfficients a;(s(z)) du polynéme caractéristique de ads(z) sont 
des fonctions holomorphes sur XY, donc constantes puisque X est compact. 
Or dire que s(x) est régulier signifie que a,(s(x)) +0, ou r est le rang 
de &. la conclusion. 


COROLLAIRE 1. Sous les conditions précédentes, on peut réduire le 
groupe structural G de P au normalisateur N d’un sous-groupe de Cartan 


H de G. 
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Kn effet, soit pour tout c€ X, h(x) la sous-algebre de #, centralisateur 
de s(x). C’est une sous-algébre de Cartan puisque z est régulier, et elle est 
fonction holomorphe de x comme on le vérifie sans difficulté. Soit h une 
sous-algébre de Cartan de ©, H le sous-groupe de Cartan correspondent de G. 
Le normalisateur N de H est aussi identique 4 l’ensemble des g€ G qui 
invarient § dans la représentation adjointe de G. Done l’espace homogéne 
G/N est isomorphe & l’espace des sous-algébres de Cartan de G (se rappeler 
que deux sous-algébres de Cartan sont toujours conjugées!) et le fibré associé 
a P et de fibre G/N est celui dont la fibre, en un point +€ X, est l’ensemble 
des sous-algébres de Cartan de l’algébre de Lie #,. Or nous avons construit 
une section holomorphe z—>h(z) de ce fibré, ou ce qui revient au méme, 
nous avons réduit 4 N le groupe structural de P, ce qui prouve le corollaire. 


COROLLAIRE 2. St de plus X est simplement conneze, on peut réduire 
le groupe structural au sous-groupe de Cartan H. 


En effet, N/H est discret, done le fibré de fibre N/H associé & un 
fibré holomorphe de groupe N est trivial puisque X est simplement connexe, 
done le groupe structural peut se réduire 4 H. 

Nous supposons maintenant que X est la sphére de Riemann, et allons 
montrer que si G est un groupe de Lie holomorphe réductif, la condition du 
lemme 4.1 est automatique satisfaite, c’est 4 dire qu’on peut trouver une 
section holomorphe s de £ telle que s(a) soit un élément régulier de EF, pour 
au moins un a€X. On a G—=Z+ OH’ ov B est le centre et GW Valgébre 
dérivée de G, et cette décomposition est invariante sous la représentation 
adjointe de G. Il en résulte une décomposition analogue de # en somme 
directe de deux sous-fibrés dont la fibre en chaque point z est le centre resp. 
Yalgebre dérivée de V’algébre Comme un élément régulier de l’algébre 
dérivée de FZ, est régulier dans F#,, on voit aussitét, en envisageant le fibré de 
fibre &’, de groupe Aut ©’ associé au fibré P et a la représentation de G dans 
Aut G’ déduite de la représentation adjointe, qu’on peut se ramener au cas 
ou G est un groupe semi-simple (savoir Aut G’), ce que nous supposerons 
désormais. 

Soit alors H;, le sous-fibré vectoriel de H engendré par les sections 
méromorphes dont le diviseur est de degré =k (cf. prop. 2.4). On vérifie 
aussit6t que [H,, |] C car si s, s’ sont deux sections méromorphes 
de FH, le degré deg({s,s’]) du diviseur de la section [s(t),s’(t)] est mani- 
festement = deg(s) + deg(s’), car ([s,s’]) 2 (s) + (s’). Il en resulte en 
particulier que F, est un fibré de sous-algébres de Lie de EH, et que si @, 
est la fibre de #, en un point fixé a€ X, et si on identifie © 4 la fibre £,. 
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alors pour Y€ @,, adgY est nilpotent. D’autre part, H est en fait un 
fibré orthogonal (gréce 4 la forme de Killing sur ©, invariante par auto- 
morphismes) et nous avons vu (corollaire au th. 3.2) que l’orthogonal de 
E, est forcément Ey. Soit G, la fibre de Hy en a, c’est done orthogonal 
de @G, dans @ pour la forme de Killing. Or on a: 


LEMME 4.2. Sotent G une algébre de Lie complexe semi-simple, ©, 
une sous-algébre telle que pour tout X € G,, adg X soit nilpotent. Par suite 
G, est nilpotent et a fortiori contenue dans une sous-algébre résoluble 
maximale R de G. Alors Kt est contenue dans Vorthogonal &, de G, (pour 
la forme de Killing). 


En effet, on sait qu’on a R—h+M, ot Hh est une sous-algéebre de 
Cartan, et Jt{—=’ est le plus grand idéal nilpotent de R. Il s’ensuit que 
tout élément X de KR tel que adg X soit nilpotent est dans MN (il suffit méme 
que ad» X soit nilpotent!) en particulier ©, CR. D/’autre part, il est bien 
connu aussi que $t est orthogonal 4 Mt, done 4 fortiori 4 &,, done contenu 
dans @). Le lemme 4.2 est démontré. Comme il existe des éléments 
réguliers dans }, on obtient le 


COROLLAIRE. Sous les conditions précédentes, il existe un élément régu- 
lier de ®& contenu dans Gp. 


Revenons alors a notre démonstration. D/’aprés sa définition et prop. 
2.4, H, est isomorphe a une somme directe de fibrés vectoriels holomorphes 
de fibre C, de degrés 20, d’ot résulte aussitét que pour tout élément u 
de la fibré © de Ey en a, il existe une section holomorphe s de E, prenant 
la valeur wena. D’aprés le corollaire précédent, on peut choisir u régulier. 
Cela prouve que la condition du lemme 4.1 est bien satisfaite. En vertu 
du corollaire 2 dudit lemme, nous voyons que le groupe structural de P 
peut se réduire 4 H, ce qui démontre la premiére moitié du théoréme 
principal 1.1: lV’application (1) du par. 1 est surjective. Reste a prouver 
quelle est injective. 


b) Résultat d’unicité a une opération de W prés. Dans ce qui suit, 
X sera toujours la sphére de Riemann. Supposons d’abord G semi-simple 
connexe. Soit é un élément de H*(X,Ox(H)), & son image dans 
H'(X,Ox(G@)). On a vu au par. 1 que € est la classe du fibré associé au 
fibré ZL, (de groupe C*) et 4 un homomorphisme complexe u de C* dans H 
bien déterminé. Nous allons montrer comment la connaissance de é, déter- 


yu- 
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mine wu i une opération de W prés. Pour toute représentation linéaire com- 
plexe de G, on a une application naturelle 
u* 
(X, Ox(G)) -> H1(X, Ox(Gl(r,C) )) 

(r étant le degré de la représentation), en faisant correspondre & wn fibré 
holomorphe de groupe @ le fibré vectoriel associé (pour la représentation U). 
Ce dernier est aussi associé 4 L, et la représentation linéaire Vou de C*, 
done la classe du fibré vectoriel associé 4 L, et Uow est connue quand on 
connait €,. D’aprés le théoréme 1,2, déja démontré (sous la forme équi- 
valente 1.1) au par. 2 dans le cas du groupe linéaire général, on en conclut 
que Uow est connu 4 une similitude prés, 4 fortiori la fonction Tr U (u(t) ) 
sur C* est connue. Ceci étant vrai pour toute représentation linéaire U de 
dimension finie de G, on peut en conclure, en vertu de prop. 1.4, corollaire, 


que wu lui-méme est déterminé & une opération de W preés. 


Supposons maintenant G réductif et connexe. 


LEMME 4.3. Soit Gun groupe de Lie complexe réductif conneze. Alors 
il existe un sous-groupe fini z du centre de G tel que G/z soit tsomorphe 
au produit d’un groupe abélien par un groupe semi-simple. 


Le groupe de revétement universel de G est isomorphe 4 un produit V x F, 
ou V est un espace vectoriel complexe et # un groupe semi-simple complexe. 
G est donc isomorphe au quotient de V X F par un sous groupe discret I 
du centre de V X F. Ce centre est identique & V Xz, ou = est le centre 
de F, donc fini en vertu d’un théoréme fondamental de H. Weyl [2]. Il en 
résulte que la projection Z de © sur V est un sous-groupe fermé de V, de 
meme rang que I, donc T est un sous-groupe d’indice fini de L Xz. Posant 
maintenant z= (LZ X~7)/T, le lemme 4.3 est démontré. 

Le théoréme 1.1 étant vrai si G est semi-simple connexe comme on a 
vu plus haut, ou si G est abélien connexe comme on a vu au par. 1, il s’ensuit 
aussitot qu’il est encore vrai pour le produit de deux tels groupes, donc 
pour le group G/z du lemme 4.3. Notons que H/z est un sous-groupe de 
Cartan de G/z et N/z son normalisateur. Considérons le diagramme com- 
mutatif d’applications naturelles: 


Ox(H))—> Ox(G)) 


H*(X, Ox(H/z) —> H*(X, Ox(G/z)). 


Soient €, & deux éléments de H1(X,Ox(H)) ayant méme image dans 
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H*(X, Ox(G)), alors leurs images é,, &, dans H*(X, Ox(H/z)) ont méme image 
dans H'(X,Ox(G/z)), donc d’aprés ce qu’on a dit, sont conjugués sous le 
groupe de Weyl (N/z)/(H/z) de G/z, qui est isomorphe au groupes de Weyl 
W=WN/H de G. Par suite é et & sont conjugués sous Wmod un élément 
du noyau de ’homomorphisme H'(X,Ox(H)) H'(X,Ox(H/z)). Or ce 
noyau est nul, en vertu de la suite exacte de cohomologie déduite de la suite 
exacte H—>H/z-—0, puisque H*(X,z)=—0 (X étant simplement 
connexe). Cela démontre le th. 1.1 dans le cas ot G est connexe. 

Supposons enfin G réductif queleconque. Soient é, & deux éléments de 
H'(X,Ox(H)) ayant méme image dans H'(X,Ox(G@)). Soient &, 
leurs images dans H'(X,Ox(G.)), & et &, ont méme image dans 
H'(X,Ox(G@)), et sont par suite conjugués par une opération du groupe 
H°(X, Ox(G/G.)) =G/G, (en vertu par exemple de la “suite exacte de 
cohomologie” pour les faisceaux non commutatifs, développée dans [4]). 
Un élément de G/G, opére sur H1(X,Ox(G,.)) en prenant un représentant 
g€G@ et considérant l’automorphisme de Go. Or il existe un 
représentant qui est dans N, comme on a vu & la fin de la démonstration 
de prop. 1.3. On en conclut qu’en remplagant é par un conjugué de ? 
sous W, on peut supposer que é,—£;. D’aprés le théoréme 1.1 pour G,, 
on en conclut que é et & sont conjugués sous le groupe de Weyl de G, et 
& fortiori sous W, ce qui achéve la démonstration. 


Remarques finales. 1. On peut se demander si le th. 1.1 ou le th. 1.2 
reste valable pour tout groupe structural de Lie complexe G. On s’apergoit 


qu'il est déja en défaut quand G est le groupe des transformations affines | 


z—>az+b (a,b complexes). On notera cependant que la technique de 
“ dévissage ” exposée dans [4], jointe aux résultats de ce travail, permettent 


en principe de déterminer H1(X,Ox(G@)) pour tout groupe G donné. Je | 
ne connais toutesfois pas de description simple de H'(X,Ox(G@)) en termes | 


de théorie des groupes de Lie complexes. 


2. Il semble plausible que la seule variété projective Y sur laquelle 


tout fibré vectoriel holomorphe soit décomposable en somme de fibrés holo- § 
morphes de fibre C, soit la sphére de Riemann. On note en tous cas que § 
si X est une courbe algébrique projective non singuliére de genre g~%, § 
i.e. telle que Ht(X,Ox) 0, il existe sur XY un fibré vectoriel holomorphe | 
indécomposable & fibre C?: si Ey est le fibré vectoriel constant de fibre ©, | 
il suffit de prendre un fibré Z extension non triviale* de EZ, par Ey. EF est | 


indécomposable, car s’il était décomposé en la somme de deux fibrés F,, P: 
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de fibre C, on conclurait d’abord que chaque #; admet une section holomorphe 
non nulle (puisque # en admet une engendrant un sous-fibré qui n’est pas 
“facteur direct”) done a un degré =0; comme la somme de ses degrés 
est identique a deg(/’) = deg(H,) + deg(Z,) ils doivent étre nuls, ce 
qui, joint a l’existence d’un section holomorphe, implique que F; est constant, 
done FH est constant; mais alors toute section holomorphe de F est constante, 
done si elle est £0, la structure d’extension qu’elle définit sur FH est triviale, 
contrairement 4 la construction de H comme extension non triviale. Notons 
encore que si X est l’espace projectif complexe P” de dimension n= 2, alors 
le fibré tangent n’est pas méme réductible 4 la forme triangulaire; autre- 
ment, le fibré dual EH le serait aussi, d’ou on conclurait aisément que 
H'(X,Ox(EF)) =0 pour 140,n (car on sait que pour tout fibré vectoriel 
holomorphe ZL de fibré C sur X =P", on a H'(X,Ox(L)) —0 si 10,n 
[5, Chap. 3, prop. 8]); or Ox(#) est le faisceau 0! des germes de 1-formes 
différentielles holomorphes, et H1(X,Q') = H*"(X,C) (cohomologie de type 
(1,1) de XY); mais il est bien connu que H*1(X,C) 0 pour toute variété 
projective sans singularités X de dimension complexe 21. Pour finir, 
prenons pour X la “ variété des drapeaux” sur P? (isomorphe canoniquement 
4 la variété des drapeaux dans l’espace vectoriel C*), c’est donc un espace 
fibré algébrique sur P? de fibre P'==sphére de Riemann. Le fibré tangent 
de la base P? n’est pas réductible 4 la forme triangulaire, mais son image 
réeiproque # sur X l’est évidemment, H est cependant, indécomposable, comme 
il résulte du fait plus général suivant: Soit p une application holomorphe 
d’un espace analytique XY sur un autre Y, identifiant Y & un “espace 
analytique quotient” de XY, i.e. telle que les fonctions holomorphes f sur un 
ouvert U de Y soient celles telles que fop soit holomorphe sur p“(U). 
Supposons que pour tout y€ Y, p*(y) soit compact et connexe. Soit H un 
fibré vectoriel holomorphe sur Y; pour que E soit indécomposable, tl faut et 
il suffit que p-*(E) le soit. De fagon plus précise, les décompositions de £ 
en somme directe de deux sous-fibrés vectoriels holomorphes correspondent 
biunivoquement aux decompositions analogues de p*(£). Elles s’identifient 
en effet aux systémes de deux projecteurs complémentaires de lalgébre 
H°(Y,Oy(E’@F)) désignant le fibré dual de #), tandis que les 
décompositions de p*(/) s’identifient aux systémes de deux projecteurs com- 
plémentaires dans l’algébre H®°(X, Ox(p*(H’@ E))), et il suffit de montrer 
que si (f:,f2) est un tel systéme, alors chaque section f; provient d’une 
section holomorphe de H’ ® # sur Y, ou encore (en vertu de ’hypothése sur p) 


que sa restriction aux “fibres” p-*(y) sont des sections constantes. Or, ceci 
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résulte du fait que p“*(Z’®@/) induit un fibré constant sur chaque fibre, 
et de l’hypothése faite sur les fibres.° 
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* Comme me I’a fait observer le referee, la condition que la fibre soit connexe (et 
que j’avais malencontreusement omise) est essentielle pour la validaté du résultat 
indiqué, un contre-exemple dans le cas contraire étant obtenu ainsi: on prend X = Y = 
courbe elliptique, p(#) = 2a (au sens de la loi du groupe), de sorte que X devient un 
révétement 4 4 feuillets de Y, et on prend pour £ un fibré extension non triviale du 
fibré en droites défini par le diviseur (P) (P un point de Y) par le fibré en droites 
trivial. (Le fait que p*(H#) est décomposable peut étre prouvé & l’aide des résultats de 
Atiyah, Proc. London Math. Soc. 1955). 
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BOUNDED MATRICES AND LINEAR DIFFERENTIAL 
EQUATIONS.* 


By AvreL WINTNER. 


The following considerations deal with ordinary (homogeneous) linear 
differential equations in Hilbert space, with coefficient matrices which are 
bounded. It is well-known that the choice of bounded “ matrices,” instead 
of bounded “operators,” is not a loss of generality. Some of the results to 
be obtained seem to be new in the case of finite matrices also. 


1. Let be complex numbers, = -) a vector in 
Hilbert’s space (|x| <0o), every capital C,F,- - a bounded matrix, | C| 
the least upper bound of the length |Cz| of the vector Cx when |x| 1 
(so that |C'| and C° the (bounded, Hermitian) matrix $(C + (C*). 
If C(z,y) denotes the bilinear form determined by C, then the real part 
of the value of the form C(z,Z) is identical with that of the Hermitian 
form C°(z,Z), since, if C, is defined by C—=C°+C,, then C,* —=—(C,, 
hence ReC,(z,Z) =0. Clearly, C—C®° if and only if C is Hermitian. It 
also follows from 
(1) Re C (a, = C°(z, Z) 


that if A denotes the least, and » the greatest, value occurring in the spectrum 
of the Hermitian matrix C°, then, since » is known to be the greatest lower, 
and » the least upper, bound of C°(z,z) for |x| —1, 


(2) Aja <p| 


The (finite, non-negative) difference »—A, the real spectral span of C, will 
be denoted by [C]; so that 


(3) [C] =lLu.b. ReC(z,%) —g. 1. b. Re C(a, z), 


|a|=1 


hence 


(3 bis) [C] =[C°], where Co—4(C+(C*). 


C is called non-singular if there exists a unique bounded C- satisfying 
0C-*— 7 and/or CC =I, where I is the unit matrix. 


* Received October 31, 1956. 
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2. If there is given a bounded matrix C=C(t) at every point ¢ of 
an interval OSi<w, where and if |C(t,) —C(t)| as 
holds for every fixed ¢ whenever t,—>¢, then C(t) will be called continuous, 
Starting with such a C(t) and denoting da/dt by 2’, consider for the vector 


xz==2z(t) the differential equation 
(4) a’ = 


with an initial condition x(0) satisfying |7(0)|<oo. It is well-known 
(cf. [5], p. 1477, or [3], pp. 681-684, where further references are given) 
that this initial value problem has a unique solution r—~2(t), satisfying 
| <0, on the entire interval OS ¢t<w. The proof of these assertions 
is word by word the same as in the case of the finite-dimensional case, since 
both the customary existence proofs, such as that based on successive approxi- 
mations, and the uniqueness argument of Lipschitz are applicable without 
any change. 

What is somewhat less straightforward is the transfer to the case of 
Hilbert’s space of the main theorem on the “fundamental matrices” X(t) 
of (1), since, in the finite-dimensional case, the proof of that theorem is 


usually based on the identity 


t 
(5) a(t) =4(0) exp f tr C(s)ds, where d(t) =det X(t), 


(Jacobi-Liouville), an identity which is not available in the general case. 
For a simple argument replacing the use of (5), ef. Section 4 below. 


3. A vector x(t) will not be considered a solution of (4) unless 
|a(t)| <0 for0St<w. This implies that | z(t)| >0 throughout unless 
a(t) is the trivial solution, x(t)=0. In fact, if Ot. <o, then z(t) =0 
is a solution of (4) satisfying the initial condition x(t,) —0, and so the 
assertion follows from the uniqueness theorem. Let x(t) be any solution of 
(4) distinct from the trivial solution; so that 


(6) O<r(t) for OSt<w, where 


Under the assumption that C—C(t) is continuous for 0St <a, let 
A=A(t) and p»—p/(t), where ¢ is fixed, be the least and greatest values 
occurring in the spectrum of the Hermitian matrix C°—(°(t), where 
Co—4(C+(C*). Then multiplication of (4) and of the complex conjugate 


140 

| 
{ 

0 
d 
tl 
G 
if 
bc 
in 
fi 
sp 
CO. 
if 


BOUNDED MATRICES. 141 


of (4) by é==Z(¢) and x= ~2(t) respectively, when followed by an application 
of (1) and (2), shows that 


2A(t)r(t) Sr’ (t) S2(t)r(t) for OSt <o, 


by (6). Since 7’(¢)/r(t) is the derivative of logr(¢), it is clear from (6) 
and (7) that 


(8) | x(0)| exp A(s)ds S| «(t)| S| x(0)| exp f u(s)as, 


0 


where 0 <t <a, holds for the length of every solution x(t) of (4). 


In [16], pp. 558-559, this inequality was derived, for a certain asymptotic 
purpose, in the finite-dimensional case (for later references, cf. [2], pp. 20-22, 
or [17], Section 2). But the proof has nothing to do with this restriction 
and, although both the proof and the assertion of (8) are simple indeed, 
the central position of (8) in the theory of (4) has not been noted in the 
literature. It will be seen that the consequences of (8) are manifold. 


The simplest consequence of (8) results if (8) is applied to the case 
C(t) const. of (4). Then (8) reduces to an inequaliy deduced by Heinz 
[4], pp. 426-427, by arguments which are applicable in the particular case 
—const.; cf. Section 5 below. 


4. Let X(t) denote a matrix of the form (2'(t),- - -,a™(t),- in 
which every column vector x™(¢) is a solution x(t) of (4). If the initial 
data x1(0),- - -,2”(0),- - + are so chosen that X(0) is a bounded matrix, 
then X(t) will be called a solution matrix of (4). If, in addition, X(0) is 
chosen to be non-singular (cf. the end of Section 1), then X(t) will be 
called a fundamental matrix of (4). It will be concluded from (8) that 
if ¢ is fixed on the interval 0<¢t<w, then the matrix X(t) is (a) a 
bounded matrix for every solution matrix and (b) a non-singular matrix 
in case of a fundamental matrix. Assertion (b) is the fact which, in the 
finite-dimensional case, is usually concluded from (5). 


With reference to a fixed m, let X(t) denote the solution matrix corre- 
sponding to which the k-th column of Xm(0) is the vector 0 or the k-th 
column of the uni: matrix J according asm<k<o or1SkSm. Then, 
if the definition of |C| (cf. the first sentence of Section 1) is applied to 
C—X,,(t), it is readily seen from (8) that, in view of the superposition 
principle of (4), both inequalities 
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t t 
(9) exp f A(s)dsS | X(t) | exp u(s)ds, where 0=t <a, 
0 0 


hold for X(t) —X»(t). Hence, if m—>o, and if X(t) now denotes the 
fundamental matrix determined by the initial condition 


(10) X(0) =I, 


then (9) holds for this X(t) also. In particular, the second of the inequali- 
ties (9) shows that this X(t) is a bounded matrix for every non-negative 
t<w. But it also follows from (10) that the solution z(t) of (4) belonging 
to an arbitrary initial vector z(0) (with |2z(0)|<oo) is 


(10 bis) z(t) =X (t)z(0), where OSt <a, 


and that, correspondingly, the most general solution matrix [fundamental 
matrix] of (4) is X(t)A, where A const. is an arbitrary [non-singular] 
bounded matrix. 

This, when combined with the relations | B,B,| =| B, || B,| and | Z| =1 
(and with the choice B, — B, B, — B- when B is non-singular), proves both 
of the assertions (a)-(b). In fact, (a) follows in a refined form, according 
to which 


t 


(11) | X(t)| S| X(0)| exp u(s)ds, where t <a, 
° 


holds for every solution matrix X(t), and (b) follows in a refined form, 
acocrding to which 


t 
(12) | X-(¢)| =| X-*(0)| exp —(s)ds, where 0S1t <o, 
0 


holds for every fundamental matrix. 


5. The simplest corollary of (11) is the inequality of Heinz, referred 
to at the end of Section 3. It states that, if A is any bounded matrix, 
(13) | e4| Sexpl.u.b. A°(z,Z), where A°=4(A + A*) 


(e4 is defined by 7+---+A"/n!+--.-). In fact, if the numbers \A,4 
denote the best bounds satisfying the case C—A of (2) (for every 2); 
then (13) is equivalent to the first of the two inequalities 


(14) |e4| < er, se". 


BOUNDED MATRICES. 143 


If the coefficient matrix C(t) of (4) is chosen to be the given bounded 
A=const. (the ¢-interval can be chosen to be the half-line OSt<o), 
then the fundamental matrix X(¢) belonging to (10) is X(t) —e'4. Hence, 
if A, » are the constants defined before (14), then (11) and (12) reduce to 
| et4 | Sem and |(et4)-+| and so (14) follows by choosing 


6. It is possible to reduce the second of the inequalities (14) to the 
first, which is (13) (cf. Heinz, [4], pp. 426-428, and the end of Section 8 
below). In any case, both parts of (14) are involved in the following 
estimate, which will be needed below: If 7 is a non-singular matrix of the 
form e4, where A is bounded matrix, and if F’ is any bounded matrix, then 


(15) | TFT-* |< el4]| F|, where T= eA 


Here [A] denotes the “real spectral span” of A, as defined in Section 1. 
Hence e!4]—e# in the notations used in (14). Thus it is clear from 
|B,B.B;| =| B, || B.|| that(15) follows from (14). 


7. As proved in [14] (in this connection, cf. [13], pp. 281-282, and 
the end of p. 267), there belongs to every bounded, non-singular JT a unique 
unitary U = (U*)-* and a unique (bounded) positive definite P = P* satis- 
fying T7—PU. It turns out that, in terms of the P = Py of T, it is possible 
to formulate the estimate (5) of the affine distortion of a bounded matrix F 
in such a way as to dispose of the hypothesis implicit in (15), viz., of the 
restriction that 7’, besides being non-singular, be such as to possess a bounded 
logarithm (=A) or, what is the same thing, that T be embeddable (as 7") 
into a continuous cyclic semi-group of bounded matrices T‘, where Ot <0. 

The resulting generalization of (15) is as follows: If T and F are 
bounded, and if 7 is non-singular, then 


(16) | TFT |<[P]|F|. 


where [P] is the (real) spectral span of the positive definite factor P = P* 
in T == PU. 

First, as pointed out in [13], p. 267, there belongs to every bounded, 
positive definite P—P* a unique bounded Q—Q* satisfying P—e®, and 
the spectrum of this Q consists of the (real) logarithms of the values occurring 
in the spectrum of P. In particular, [P] =e). Hence the assertion (16), 
where 7 == PU, is equivalent to 


(16 bis) | | < F 
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But the truth of (16bis) follows from the case T—e® of (15), since, U 
being unitary, | UFU-*| =| F|. 


8. If H is bounded and Hermitian, then the same is true of e”, and 
e# is positive definite, since, in view of the spectral resolution of H, a value 
a is in the spectrum of H if and only if e* is in the spectrum of e” (and 
since, every a being real, every e* is positive). Similarly, e*” is a unitary 
matrix and, as first proved in [13], pp. 268-277, every unitary matrix can 
be represented in the form e*”, 

If A is bounded, then there exists a unique pair of bounded Hermitian 
matrices H, K satisfying A=-H-+1K; in fact, H—A°, K =A, in the 
notations of Section 1. Let e# and e‘* be denoted by P and U respectively. 
Then PU =UP=e4 if HK = KH (that is, if A is normal). In this case 
and, more generally, if e#+#* — PU happens to be true, it is clear from 
| B,B,|S|B,||B.| and |U|—1 that |e4|=| P|. 

It turns out, however, that the last inequality is true for every bounded 
A; in other words, if A is bounded, and if H = H* and K = K* are defined 
by A=H-+ ik, then | e#*K|=ec#. In fact, since e# is positive definite 
(cf. the beginning of this Section 8), there exists a unique (bounded) positive 
definite Q satisfying e? =e? (cf. Section 7), and so the last italicized state- 
ment is equivalent to the first of the relations (14), where A—K-+ 1H. The 
second of the relations (14) follows if A is replaced by —-A in the last 


italicized assertion. 


9. In what follows, the asymptotic behavior (as t—>0) of the solution 
vectors (xt) of (4) will be considered, when appropriate restrictions are placed 
on the behavior of the coefficient matrix C(t). It will always be assumed 
that Ot <0, and that the matrix C(t) is bounded and continuous for 
fixed t (but neither | C(t)| < const. as {—>oo nor the uniform continuity of 
C(t) for 0St<oo will be assumed). 


(i) In terms of a given C=C (t), where define 
by (so that (C°)* =C°), and A=X(t), p(t) by placing 


(17) A= g.1.b. C°(2z, Z), Z) 
1 


(for fized t). Suppose that both integrals 


(18) where = lim 
0 0 


owe 


0 0 


‘ 
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are convergent (both f and f | u(t)| dt oo are allowed). 
Then the length | x(t)| of every solution vector x(t) 0 of (4) tends to a 
finite and non-vanishing limit as to. 

This follows by replacing s=0 and s=¢ in (8) by sw and s—v 
respectively, and then letting v-—u—o. 

(ii) Jf C(t) satisfies the assumptions of (i), then there belongs to 
every fundamental matriz X(t) of (4) a pair of constants satisfying | X(t) | 
< const. and | X-*(t)| < Const. as t->00. 


This is clear from (11) and (12). 


(iii) The assumptions imposed on C(t) in (i) and (ii) are satisfied 


if (but not only if) 


(19) | Co(t)| dt where Co—4(C 40%). 
In fact, (19) is sufficient for the absolute convergence of the integrals 
(18), since it follows from (17) that |A|S|C°|, |»| S| Ce. 


10. The assumption (19) puts no restriction on the “skew-symmetric ” 
component of C'; that is, on the matrix which, in Section 1, was denoted by C,. 


Correspondingly, 


(20) 


0 

is an assumption which is even stricter than (19). It turns out that, if 
(20) is assumed, then much more than what is assured by (i) and (ii) can 
be asserted : 

(iv) If the coefficient matrix C(t) of (4) satisfies (20), then 
(21) X(t) as t> 0 
holds for a certain (unique) fundamental matrix X(t) of (4). 

In the case of finite matrices, the assertion of (iv) is well-known; it 
goes back to Bécher and Dunkel (cf. their papers, referred to in the first 


two footnotes in [7], p. 486, to which I called attention some time ago). 
The following proof is so primitive as to hold for bounded matrices also. 
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Let X(t) be any fundamental matrix of (4). Then, since (20) is 
sufficient for (19), it follows from (iii) that (ii) is applicable. But since 
(4) is equivalent to X’(t) —C(t)X(t), it follows from (20) and from 
the first of the assertions of (ii) that, since |CX|=|C||X|, 


8 


dt <a; in particular, f aX (t) 
‘0 0 


« 
0 


is convergent; that is, ¥(o) —lim X(s), where s—o, exists in the weak 
sense, to begin with. But the first assertion of (ii) assures that X(0) is a 
bounded matrix, and the second assertion of (ii) shows that Y() is non- 
singular. Hence, it is sufficient to replace the given fundamental matrix X (t) 
by X(t)X-*(0o) in order to obtain the fundamental matrix satisfying (21). 


11. By Lagrange’s device of the variation of constants (in this regard, 
ef. [15], pp. 190-191), the following criterion on “small perturbations” can 
now be concluded: 


(v) For every fixed t, where 0OSt<o, let C(t) and B(t) be bounded 


and continuous. Suppose that, for large t, the matrix C(t) -—B(t) 1s so 
“small” with reference to a fundamental matrix X(t) of v’=C(t)z« that 


(22) | G(t)| dt <0, where G=X1(C—B)X. 
0 


Then y’ = B(t)y possesses a fundamental matrix Y(t) of the form 
(23) Y(t) =X(t)(I+2Z(t)), where lim | Z(¢)| =0. 
t> © 


Due to (iv), the proof of (v) is the same as the proof given in [15], 
pp. 200-201 (where the matrices are finite), and can therefore be omitted. 


12. If (v) is combined with (15). then there results an asymptotic 
statement which seems to be new even in case of finite matrices. In fact, 
a result of [15], pp. 188-196 (1946) and the similar, but less inclusive, 
results of Erugin (1946; cf. [11], pp. 170 132), apply, in case of finite 
matrices, in the same direction as (vi) below but are weaker than what 
(vi) becomes in the case of finite matrices. 


(vi) Let [A] denote the real spectral span of a bounded matrit 
A =const. and let F(t), where 0St<o, be a matrix which, for every 
fired t, ts bounded and continuous. Suppose that 
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(24) f elAlt | P(t) | dt 

(where |F|=l.u.b.| Fa| for |a|—1). Then the case C(t) F(t) 
of (4) possesses a fundamental matrix X(t) of the form 


(25) X(t) =e'4(I+Z(t)), where lim | Z(t)| =0. 


In order to prove this, let the A and F(t) in (vi) be identified with the 
(‘(t) and B(t) of (v) respectively. The Y(t) of (v) becomes the X(¢) of 
(vi), and the V(¢) of (v) can be chosen to be e?4, since e*4 is a fundamental 
matrix of the case C(t)—A of (4). Accordingly, (23) and (22) go over 


into (25) and 


(26) f | (t)et4 | dt 
0 


respectively. Consequently, (vi) follows from (v) if it is ascertained (24) 
is sufficient for (26). But it is clear from (3) that |tA|—|t|A. Hence, 
the sufficiency of (24) for (26) follows if A is replaced by —#A in (15). 


13. Let A4=const. be the greatest lower bound of (1) for |z|—1, 
where C = Const. is any bounded matrix. Then Satz 6 of Heinz ([4], p. 428; 
ef. [10], passim) states that if A > 0, then C is non-singular and, in addition, 


f 


0 
and |C'*,;=2A'. Heinz points out that the first of these assertions, that 
preceding (27), is a refinement of a result of Toeplitz, and he mentions 
certain recent references concerning this refinement. But neither [4] nor 
[10] mentions that this (viz., the existence of a unique, bounded C- if 
A> 0) is contained, in a substantially improved form, in the results of [13], 
and that, corresponding to this improvement, (27) can be improved to the 
following assertion: If A is bounded, then the Liouville-Neumann expansion 


(28) A)? = 
n=0 


(which is certainly valid, in the sense of convergence, outside the circle 
|z2||A|) is valid, in the sense of (absolute) Borel summability, outside 
the least convex region containing those complex numbers z for which zl —A 
is non-singular; cf. Section 15 below. 
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What is today generally called the spectrum of an arbitrary bounded C 
was first defined in [13], p. 239, as the set o(C) of those complex numbers 
z for which zJ —C fails to be non-singular. It was proved in [13], pp. 242- 
243, that «(C) is a closed bounded set which contains at least one point. 
There is a curious oversight in [12], p. 149 (repeated in [10], pp. 409-412 
and disguised in [8]): both the definition of o(C) and the proof for the 
existence of o(C) are verbatim the same in [13]. 

Let p(C) denote the closure of the set of the (complex) values attained 
by the bounded form C(2,#) when |2|=—1. For finite matrices C, it was 
conjectured by Toeplitz, and proved by Hausdorff, that 


p(C) is convex, 


(29) 


and it was proved by Toeplitz that 


(30) a(C) is a subset of p(C). 


When Toeplitz proved (30) for finite matrices, the definition of o(C) 
for bounded matrices was not in the literature, and if it would have been, 
his proof, having been based on eigenvectors, could not have led to (30) 
for bounded C. But it was shown in [13], p. 245, that the definition of 
o(C), introduced in [13], p. 239, is such as to lead to the truth of (30) 
for any bounded C. In contrast, the truth of (30) for every bounded C 
was clear from the beginning, since it is implied by the truth of (30) for 
every finite C; cf. [13], p. 244. 


14. If H is a bounded Hermitian matrix, then o(/7) is a bounded 
set of real numbers which, in view of (29), is an interval and about which 
the spectral resolution of H impiles that p(H) is the least interval containing 
o(H) (cf. [13], p. 250; this cannot be concluded from (30) alone). 

If this is applied to H —(°, then it is clear from (29), (30) and (1) 


that z=0 cannot be in o(C) if it is not in p(C°). This means that ( b 
must be non-singular if C° is positive definite (or negative definite), that is, 
ifA>0 (or »<0) in (17). This is the result quoted before (28). 

15. Let 7(C) denote the convex closure of o((). Then it is clear 
from (30) and (29) that 
(31) 7(C) is a subset of p(C). 
The fact referred to at the beginning of Section 14 is equivalent to the J “ 

Si] 


statement that (31) can he replaced by 
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(32) 7(H) =p(H) if H=H* 
(the same holds for normal matrices; cf. [13], p. 282.) 


The result of Heinz, quoted in connection with (27), states that if A 
is the least value occurring in the set (32) when H —C*®, then A > 0 implies 
that C is non-singular, that (27) holds, and that |C-+|<=1/a. Hence, if 
C is replaced by zl —C, and if A, denotes the least value occurring in the 
set (32) when H = (z2J—C)°, then A,>0 implies that z—0 is not in 
7(C), that 


(33) (2I = f etlel-C) dt, 
0 


and that 
(34) 


Thus, if C is replaced by eC, where ¢ is an arbitrary real scalar, then, 
by comparing the supporting function of the convex set 7(C) with the 
supporting function of Borel’s convex “indicatrix” (of a power series of 
non-vanishing radius of convergence ; cf. [1], pp. 120-129; [9], pp. 578-593), 
it is readily found that (28) is valid, in the sense of Borel’s (absolute) sum- 
mation process, precisely on the z-domain which is the complement of the 
(closed, bounded) set r(C). In fact, (2J—C)-! is a “(bounded) regular 
function ” on the complement of o(C). For, on the one hand, r(C) contains 
o(C’) and, on the other hand, (zJ—C)- can be expanded, in a sufficiently 
small circle | z—2z.| <<y—y(%), into a “(bounded) regular power series ” 
in z— Zo, if 2) is any point in the complement of 7(C) ; cf. [13], p. 242 and 
pp. 245-247. 

It should be emphasized that, in view of (31), the Borel summability 
in 2— 2, if z is any point in the complement of o(C) ; cf. [13], p. 242 and 
be concluded from, the Borel summability of (28) on the complement of p(C). 


Appendix. 


Let a bounded A be called logarithmizable, or an /-matrix, if there 
exists some bounded C for which A =e holds. Every /-matrix is non- 
singular (in fact, Be©=TJ and e©B =I are satisfied by the bounded matrix 
Be), Around 1929 T raised the question whether the converse is also 
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true (as it is in case of finite matrices, in which case the customary proofs 
depend on the theory of elementary divisors or, at least, on the theorem of 
Hamilton-Cayley; cf. however [19], p. 364). Now it is finally sure that 
the answer is in the negative: 


In order that a bounded matrix be logarithmizable, it is (necessary but) 
not sufficient that tt be non-singular. 


In fact, it is clear (cf. the end of p. 361 in [19]) that an A cannot 
be an /-matrix unless there exists some bounded B satisfying A—B?. But 
it was recently shown by Halmos, Lumer and Schaffer [18] that for certain 
(bounded) non-singular A there will not exist such a B. 

Accordingly, the I-matrices form a proper subset of the group of all 
non-singular matrices. Is this subset a group? The answer to this question. 


too, proves to be negative: 


The logarithmizable matrices fail to form a group. 


In fact, it was proved in [13], pp. 268-277 and p. 267, that every unitary 
U and every positive definite (non-singular) P = P* is an l-matrix. On the 
other hand, as shown in [14], every non-singular A has a unique factorization 
of the form APU. Hence, if the product of two l/-matrices were always 
an l-matrix, it would follow that every non-singular A is an /-matrix. 
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A NOTE ON ENTROPY.* 


By I. I. Hirscuman, JR.! 


Let | f || = (fl |?dx)#, where f(x) € L?(—oo, 0) and let 


(1) fla) ~ ~ f de, 


where the ~ refers to convergence in the mean of L? (Plancherel) ; so that 


(2) 

then | f(x)|* and | g(y)|* may be considered as probability frequency func- 
tions. The variance V[q¢] of a frequency function is defined by 


V[o] = where m= o(x)ae 


is the mean value. V[¢] may be taken as a measure of the “concentration” 
of ¢ in the neighborhood of its mean, a small value of V corresponding to a 
high degree of concentration. Weyl, [4], has shown that not both of the 
frequency functions | f(x)|* and | g(y)|* can be highly concentrated in this 
sense and that in fact 


a relation having application to the uncertainty principle of quantum 


mechanics. 
In this note we shall demonstrate a similar result concerning entropy. 


The entropy E[¢] of a frequency function ¢(z2) is 


BIg] — J “9(a)log $(2)ae. 


Entropy is a measure of concentration of ¢ on a set of small measure, 4 
large positive value of EF corresponding to a high degree of concentration. 


* Received August 16, 1956. 
1 This research was supported in part by the Office of Scientific Research and 


Development Command of the United States Air Force under contract. 
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We shall show that in the sense of entropy | f(z) |* and | g(y)|? cannot both 
be highly concentrated. More precisely we shall prove the following result. 
THEOREM. Under the assumptions (1) and (2), 
whenever the left hand side has meaning. 


There are heuristic arguments which suggest that the extremal functions 
in the inequality (3) are f(x) = e-**/? and its dilations. Consequently 
our theorem may hold with the improved conclusion 


(4) f(x) + 9(y)|?] Slog2—1. 


However I have not been able to establish this. If this inequality is valid 
in this form then it includes the inequality of Weyl since for any frequency 
function ¢(z) we have 


(5) L[¢] 2—4—4$ log{27V[9]}. 
See [2]. More generally if 


Mas[¢] |? p(x) P <0), 


then the argument used to prove (5) shows that 
B[$] =—log A(p) —log where A(p) 
Using (3) we find that for O0< p<w, 0<q <a, 
Mao[| f(t) |?]Moal| 9(y)|*] 2 1/4 (p)A(q).- 


However the inequalities obtained, even if (4) is used in place of (3), are 
clearly not best possible except when p= gq =—2. 

For further studies of the “concentration” of pairs of Fourier trans- 
forms, see the paper of W. H. Fuchs [1]. 

We now turn to the demonstration of Theorem 1. Let us agree that 
F[| f(x)|?] is defined whenever one of the integrals 


is finite. The left hand side of (3) therefore has meaning except in the 
following two cases: a. one of E[|f(zx)|?] or E[|g(y)|?] is undefined; 
b. one of E[| f(x) |?] and E[]| g(y)|?] is -+-co and the other —o. 
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Our demonstration consists in subjecting the integral form of the Young- 
Hausdorff inequality, see [5], to that limit process which leads from the 
powers of a positive number to its logarithm. We begin by supposing that 
f(z) € L?(—o,0). Let p'+q*=1. We set 


By the Young-Hausdorff theorem (the extension to Fourier transforms is 
due to Titchmarsh), C(p)=0, if 1<pX2. Parseval’s equality gives 
C'(2) =0, and these together show that C’(2—) = 0, if, of course, C’(2—) 


exists. 
For each z the function 


(6) [| f(x) |? —| f(z) |?]/(2—p) 


increases to | f(x)|*log|f(x)| as pt 2—. Since the function (6) is inte- 
grable for any fixed p < 2 it follows that 


it A(p) f F(z)|rdx, then A’(2—) f | f(2)| ae, 


where A’(2—) is always defined, < A’(2—)=+o. Similarly, 


it B(g) f jo(y)|edy, then B(2+) — fj 9(y) 9(y)| ay 


where B’(2-+) is always defined, —o= B’(2) << +o. 


From C(p) log B(q) —p*logA(p), (p*+q*=1), 
(7) C’(2—) =— $B’(2 +) —$A’(2—). 


Here we have used B(2) =A(2) 1. The relation (7) in conjunction with 
the inequality C’(2—) =O shows that (3) holds except in the case when 
and E[g] =—»o. 


If it is no longer assumed that the quantities 


are 1 then our relation becomes 
(8) E(\f 9 g Slog f |? + log g 


We now abandon our assumption that f(z)€Li(—o,o). It is 
sufficient to consider the case when E[|f |*] and E[|g|?] are defined. Let 
wr(z) be 1—|2|T+ for |x| and 0 for |r|>T7, and let Or(y) 
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=sin* rTy/(x*Ty*) be the Fourier transform of w7(z). The functions 
wr(x)f(x) and Or(y)*g(y) are Fourier transforms of each other and 
| or(z) f(x) || | Qr(y)*g(y) | S1. Since or(x)f (x) € L1(—20, we may 
apply (10) to conclude that either 


(9) | or(x) f(x) |?] + E[Qr(y)*9(y)|?] 


holds or E[| w7f |?] =-+ and E[| |?] =—oo. 
A simple application of the Lebesque limit theorem gives lim F[| wf |?] 
=E[|f |?]. The functions 


 42(z) =| |*[—log-|z| + 3] 
are convex in the complex variable z. Since Qr(y) 20 (—wo<y<o) 


and f Qr(y)dy =1, it follows that for 11,2 
lim f (n(y)*9(y) lay — f dy 


Since E[|g 4(g)dy—2 02(g)dy +3 we have 
lim E[| Qr(y)*9(y)|?] = g 


The inequality (3) now follows from (9). 

Let G be an arbitrary locally compact Abelian group with elements 
and let G be its dual with elements ,y°, --. Let dz and 
dx* be Haar measures on G and G* so normalized that 


Under these assumptions Parseval’s equality, 


holds; see [3]. The argument leading to (3) can easily be extended to show 
that if | f|— | f° | —1, then 


(10) |?]S0, 


where 
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= 
In particular if f(0) ~ a, = f(0)e-*7*"? dé, and 
70 


f 


then 


(11) an log | an |? + f° | log | f(8) = 0. 


If f(6)—1, so that a> =1, a, —0 for n 0, then equality obtains in (11); 
consequently the number 0 on the right hand side of (11) cannot be replaced 
by a smaller value. This also shows that (10) cannot be improved for the 
class of “all” locally compact Abelian groups. However it is conceivable 
that for individual groups the right hand side of (10) can be replaced by a 
smaller value. In particular this would seem to be the case when @G is the 
real line which is the case we have treated in detail. 


WASHINGTON UNIVERSITY. 
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INTEGRAL EQUIVALENCE OF QUADRATIC FORMS IN RAMIFIED 
LOCAL FIELDS.* 


By O. T. O’MEara. 


Two quadratic forms with associated matrices / and G are said to be 
integrally equivalent if there exists a unimodular matrix X such that 
XTFX =G. Is it possible to attach a set of invariants to F which will 
completely characterize the equivalence class F, i.e., such that F and @ will 
be integrally equivalent if and only if they have the same invariants? An 
answer to this problem has been given by Durfee [DI] in the case where the 
coefficients are taken in a local field in which 2 is a unit; Jones [JI] and 
Pall [PI] have established similar results over the 2-adic numbers. In an 
earlier paper [OI] I provided a characterization that holds for any local 
field in which 2 is a prime, and I discussed the equivalence of unitary forms 
in the ramified extensions of the 2-adic numbers. It is the purpose of this 
paper to solve the remaining case in the local theory—the equivalence of 
forms with coefficients in a field in which 2 is not a unit. 

We shall consistently use the language of vector spaces and lattices when 
framing definitions and proving theorems. The invariants will be given in 
terms of fundamental invariants a;, v(j7) which describe the numbers repre- 
sented by certain invariant substructures of a given lattice. Using these 
quantities, the equivalence class of a lattice will be determined by Hasse 
symbols and quadratic residues. 

Proofs will be based on the results of [OI], and no attempt will be made 
to give a self-contained discussion here. However, using the principles of 
the present paper it is possible to improve some of the earlier proofs and 
I have thought it worth while to include a simplified treatment of the invar- 
lance of type. Theorem 5.2 of [OII] will also be proved agan; but for this 
result, the present paper is independent of [OIT]. 

I want to express my appreciation and indebtedness to Professor G. 
Whaples for making several valuable suggestions that have simplified the 
presentation of these results. 


Notation. We preserve the notation used in [OI]. Thus our coefficient 
field F will be a local field [AI] with ring of integers 0; z will denote a 


* Received September 26, 1955; revised August 22, 1956. 
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prime element in Ff; throughout this paper we will assume that the residue 
class field is perfect, thought not necessarily finite, and that «o >e = ord2=1. 
We will continue to use the following notation: ax* will sometimes be written 
[rt] if a is a unit and {x'} is a is an integer. The relation a= £8 means 
that there is a unit in F whose square is a/B. If « is a unit, then «=1 
mod 7z follows immediately from the perfectness of the residue class field. 
Consider the greatest value of k for which «e=1-+ [x*]. If k > 2e, then 
k =o by Hensel’s lemma. On the other hand, we can again use the perfect- 


ness of the residue class field to prove that 
(1) k<2e = k odd. 


We define g(e) as the ideal r*9 + 20 where & is the maximal value just 
mentioned. For any ex™€ F we put 


(2) g(er") =g(e) =o + 20 if r is even, g(er") —o if r is odd, g(0) =0. 


V will denote an n-dimensional vector space over F, provided with 
scalar product z-y. It is assumed that V is non-degenerate, in other words 


for all ye V r=0. 


By a lattice ZL on V we mean an o-module LC V which contains n inde- 


pendent vectors and is such that if the variable vector x€ ZL is expressed in 
a fixed basis for V, then the coordinates of z in this basis have bounded 
denominators. It is well-known that a minimal basis <z> can be found 
such that L= Sox. For a proof see Satz 1 [AsI]. Using this minimal 
basis it is easy to see that corresponding to any z€ V, there exists an a€ F 
such that ax€ L, axtx¢ L; if e¢ L, then a must be in 70; otherwise | «| 21. 
We shall refer to a subset L’C V as a lattice in V if L’ is a lattice on its 
containing space FL’. 

Now let Z and K be two lattices on V and suppose that they are expressed 
in the bases L = S}oz, and K => oy) respectively. We have seen in [OI] 
that Z is isometric to K (written L = K) if and only if the matrices (2;:2;) 
and (y;-y;) are integrally equivalent. If J is the quadratic form associated 
with (2;-2;), we write We recall that N(L) = 
where z runs through Z; and d(L) = det(z;-z;). Then the assumption that 
V is non-degenrate is equivalent to d(L) ~0. 

We will write x-Z to denote {(x-y)| y€L}, where x is an arbitrary 
vector in V. More generally, we put 


L-K={(«-y)| L,y€ K}, 
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for any lattices Z and K in V. It is easy to see that x-Z is an o-ideal in F. 
This is also true for L-K. For let <z> be an orthogonal basis for V. Since 
the elements of Z and K have bounded denominators in <z>, we can suppose 
that LD CS} oz, and KC S\0z,. Hence L-K generates a finite ideal r*o, say. 
Suppose that Then Hence L-K 
And so L-K is an o-ideal in F. The lattice L is said to be integral if 
N(L) Co; it is said to be totally integral if L-L Co. Note that N(L) 
CL-LC4N(L). 

By a°L we will mean the lattice LZ on the same vector space V, but 
provided with the new metric roy—a(x-y). This is not to be confused with 
the lattice al which consists of the set of vectors az in the same space V 
provided with the same metric z-y, where z€ L. But we have a?oL=alL. 

The lattice J will be called a component of ZL if there exists a lattice K 
such that L —J @ K; K is then called the orthogonal complement of J in L. 

A lattice Z in V will be called x‘-unitary, or simply unitary, if 


=> 


we call a unitary lattice L proper if N(L) =L-L, otherwise improper. Note 
that if Z is z*-unitary in V, then whenever x€ L. And we also 


have 


(3) FL, | 2- £1 > 


for we can choose € zo such that axe L, ax¢ and so |a-L|>|x*|. It 
is easy to see that any component of a x‘-unitary lattice is itself r‘-unitary ; 
and conversely, the orthogonal sum of two z‘-unitary lattices is +‘-unitary. 
It is obvious that if Z is wt-unitary, then 7oZ is 7r‘+\-unitary. We shall 
see later that ZL is 7°-unitary if and only if it is totally integral with 
determinant a unit. 


1. The simplest invariant substructures. Let us consider a lattice L 
on 
DEFINITION 1. Jf i ts a positive or negative integer, we call 
Ly = {x | Land Cro} 
the i-th invariant substructure of L. 


The o-module L,;, defined in this way is a lattice on V; it is n-dimen- 
sional since 


at (L : L)7L L. 
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By way of example we see that L is totally integral if and only if L—L,); 
and (moL) yy. Note that 


(4) Ly C Ly) C Lay if tS}. 


Proposition 1. If J ts a x'-unitary sublattice of L, then J ts a com- 
ponent of L if and only tf JC Ly. 


Proof. We need only prove the sufficiency. We can take 10. The 
vector space FJ being non-degenerate, we have V—FJ @ (FJ)+ by Satz 1 
of [WI]. Put K—(FJ)1NL. Then K is a lattice on (FJ)+. Now any 
can be written uniquely in the form with FJ and z€(FVJ)4. 
If w¢J, then |w-J|>1 since J is unitary. Hence |#-J|>1, and this 
is impossible since J C Lio). Hence we J, and so z€ K. This proves the 
proposition. 

It follows immediately from this proposition that every lattice L is an 
orthogonal sum of 1- or 2-dimensional unitary lattices. To see this we put 
where y€ L; then if 220 —-*o, ox will be a 
r-unitary lattice in L = L,,), hence a component of L ; otherwise | 2? | < | 
say; then or-+ oy is x*-unitary, hence a component of LZ. Induction com- 
pletes the proof. By regrouping these components we get the result of 
Section 2 [OI], that every lattice LZ has a canonical decomposition 
where the components are 7*-unitary with 
s(1) <8(2) -<s(t). 

Now let Z be a totally integral lattice with determinant a unit. If we 
express J as a canonical decomposition ZL = > L, we must have s(1) =0; 
since d(Z) is a unit, it follows that s(1) =0 and t1. Conversely, let L be 
a 7°-unitary lattice; then ZL is certainly totally integral. Express L as an 
orthogonal sum of 1- or 2-dimensional lattices. We can suppose that all 2- 
dimensional components have norms in wo. Hence d(L) is a unit. We 
have therefore proved that DL is a 7°-unitary lattice if and only if L 1s 
totally integral with determinant a unit. 

Consider the canonical decomposition LZ = Ly. We contend that 


j t 
(5) = © TL 
1 
where j is such that s(j) Si<s(j+1). To prove this we write K for the 
right hand side of (5). If A2j+1, then C C 
and so L, C Ly; if then - Ly = and so C Ly. 
Hience K C L,;). On the other hand, if 7 € L,;, we have r= } x with 2 € Jy; 


the 
Li): 
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then. Corio and so 2, € when AS}. Hence Ly CK. This 


proves the contention. In particular, 


t 
(6) Listy) = DL). 
1 


We see that r*()-8™Z) is now a 78(4-8™-unitary lattice; thus LZ; is the first 
component in the canonical decomposition for L,.(;)) that is induced by (6). 

Consider another canonical decomposition L =>} K, for Z in which Ky 
is r™-unitary for 1=ASr. Suppose no is r*)-unitary for a certain 
fixed + (1SiSt). Then Ly,.(i)) has the form (6); but we also have 


1 j+l 

where o(7) < s(t) <o(j +1). Using the fact that Lesa) = 
we see that this equation is impossible. Hence t+ and s(A) =o(A) for 
1=AS¢t. We now show that dim LZ; = dim K; and N(L;) = N(K,) mod 78", 
By considering J,,;;)) instead of L, we see that it suffices to consider the 
case t= 1, s(1) ==0. Since the first components are the only ones that can 
possibly represent units, it follow that V(L,) =N(K,) modz; in other words, 
L, is proper if and only if K, is proper. Now let WM, denote the matrix of 
L in any basis corresponding to >} Ly; let MW. correspond to the decomposition 
> K,. If M, denotes the matrix M, when read in the residue class field, 
we see that there exists a non-singular matrix ¥ such that X7M,X — M,, 
since M, and MM, are integrally equivalent. But rank ¥,—dimJZ,. And 
similarly with M,. Hence dimZ,—dim K,. We therefore see that for two 
decompositions Z, and Ky we have 


S(A) =o(A), dimZ,—dim K,, Ly proper proper, 


for 1SASt=r. Thus we have proved Theorem 3.1 of [OI] without 
computation. Any two lattices L => L, and K => Ky) which satisfy these 
equations are said to be of the same type. 


DEFINITION 2. Put for 
Immediately we see that 

(7) | |<] |<] |; 

while if >| Z) is a canonical decomposition of I we must have 


(8) N (Li) 
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If dim Z, is odd, L; has at least one 1-dimensional component and so JL; is 
proper. In this case N(L,) = xp, 
DEFINITION 3. If L=> Ly 1s a canonical decomposition of L, put 
RL OD ety) =r 
and when s(i+ 1) —0, put 
PL = Lio =r Or *OL, Olin OLt. 


We see that the decomposition for PZ in this definition may cease to be 
canonical. Note that andPPL= PL. If s(1)—0, then 
PL=L; if s(t) then PL— RL. 

We know that N(L,) Can ever be attained by 
a canonical decomposition L=>'[,? We shall show more than this. In 
fact, we shall exhibit a saturated decomposition L => J, for LZ in which 
N(J\) for all A 


DEFINITION 4. The component L; of the canonical decomposition 
L=> Ly is said to be saturated if u(j) =ord N(L;); the decomposition 
> Ly is called saturated if all its components are saturated. 


PrRoposiITION 2. L has a saturated decomposition. 


Proof. Let L= > be a canonical decomposition such that N (Jy) 


for A=1,2,---,j7—1 where 1SjSt. We must extend this 
property to A=j. We can assume that s(j)=0. If N(L;®@---@L) 
=-7“(9, we can take a canonical decomposition J;@®--:-@d; for 


L;@:--@®Ly in which N(J;) =2"“%o, and we are through. Now assume 
that << Then by (6) there exists a k <j such 
that N(R Ly) = N (2 = p, 

Consider Then 


L; Oe Ly, = L; D == J; 
with N(J;) =2"Mo, since RL, has norm “9. We then have L; @ L; 


= RJ; @J;, where J; has the required norm, while J; continues to have 
norm since 


| (S;) | | | < | N(L, @ L;)| =| @I;)|. 
Then L= ¥ 1, @ RJ; @ J; is a canonical decomposition which extends the 


required property to j. Repeating this to A=¢ proves the result. 
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CoroLLary 2. L; is a saturated component of L=> Ly tf and only 
if RL; is a saturated component of RL=>Y KI). 


Proof. Suppose that L; is saturated, but that @L; is not. Let L=> Ky 
be such that is saturated in Then |N(RK;)| >| N(RL,;)|, 
and so |N(K,)| >|N(L;)|, which is impossible. On the other hand, if 
RL; is saturated, then so is RRL;—L;. q.e.d. 


From this follows 
(9) un(j) = 2s(j) + uar(t—j +1). 
And relation (4) implies 


(10) | | > | |, | | > | | if 

2. Canonical bases. We have seen that any lattice L can be decomposed 
into an orthogonal sum of 1- and 2-dimensional unitary lattices. By 
choosing a basis for each of these components we can induce a minimal 
basis on ZL. Call this basis <z> and put ¢(A) —orda,-L; suppose 
that ¢(1) S¢(2)=---sSt(n). Then the basis obtained in this way is 
said to be semi-canonical. If we group vectors, we get a corresponding 
canonical decomposition for LZ, and so the quantities ¢(A) are independent 
of <>. Thus 2, will either be orthogonal to all the other basis vectors, and 
or, will then be w'-unitary; or there is precisely one basis vector 2-1, 
say, which is not orthogonal to x, and then ¢(A) =¢(A—1) with oz)_, + oz 
unitary. 

Consider the semi-canonical basis <z> for ZL. Generalizing a certain 
change of basis used in [OI], [OII], we introduce a transformation which 
will be denoted by the symbol op(a#;— 2%; + aa;). Let 2; denote that vector 
(if any) which is not orthogonal to 2;; let x;,, denote that vector (if any) 
which is not orthogonal to x; We assume that 


oO, t(j) 2 t(1), tj, = 0. 


Suppose that we write op 7; 2;-+ az; We make the further assumption that 
respectively (oa; o0(opa;)), are still *-unitary; in other 
words, we assume that 


| (op aj)? | = | |, | (op 2 (aia)? — a4)? | =| |, 


respectively. ‘The transformation then consists in replacing 2; by the basis 
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vector opz;==2;-+ aa; and leaving all other basis elements fixed, with the 


exception of 2; and (possibly) 2;,, which are defined in the following way: 
(11) + Ba; = + A’ (op aj) + Ba, 
where, if 2: 2;.—0, 


and, if 


(11b) 
B= v1.) /D, B’ = /D 
where D = (op By inspection, A, B, A’, B’, are all 


integers. Hence in (11b) we have 


+ 0x1) or; (07; + (o(opa2;) ) 
or 
+ 0%) (0%; + = + 0(op (o(op2;) + 0(op zj,1)) ; 


and similar equations hold for (lla). We see that the resulting basis 
for Z is still semi-canonical. This is the transformation indicated by 
2% -+ a2;). We call the new basis 

As a simple example on the use of these transformations we see that 
any semi-canonical basis for a unitary lattice can be refined to a canonical 
basis ({[OI], Definition 2.1). This can be done with each component of 
a general lattice; every lattice must therefore have a canonical basis ([O1], 
Theorem 2.4). 

Using these transformations it is possible to find a special kind of basis 
for a 7°-unitary lattice. Let r“o—N(ZL), and put => + 20 with 
r€L, uw+ord2? odd. Then there is a decomposition 


(12) 


and a unit e. such that 


err" ] 


0 1 


We have discussed these decompositions in Sections 14, 17, 18 of [OI] 


(13) L,=c if dimZ is odd, L, =( 


and proofs are omitted here. 


W 


J 


1e 


il] 
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3. On cancelling hyperbolic planes. We call a lattice a z‘-hyperbolic 
plane if its associated matrix is of the form eS = a unit hyperbolic 


plane has i==(. We have seen in [OII] that if H,@1,=H,@L, with 
H, =H, hyperbolic planes, then L, = L.; this is the local integral analogue 
of Witt’s theorem [WI]. Im discussing the invariants of a given lattice 
we are therefore free to adjoin as many hyperbolic planes as we please. 
We say that the j-th component of a canonical decomposition >) Ly is big 
if dimZ;=9. The decomposition }Ly is called big if dimZ,=9 for 
1SASt. 

We now give a simple proof of Theorem 5.2 [OII]. 

Proposition 3. H, @®L,—L=—H.@L, are two decompositions of L, 
where H, and H, are isometric hyperbolic planes. Then L, = Ip. 

Proof. Write H,= oz, + oy,, oy2, with = = 22? = y2” 
=(. We can assume that z,-y, and r.-y, are units. Then H,C Do) and 
H, Dy). 


Case 1. H1,-H,=vo. We can suppose that 2,-y, is a unit; hence 
(ox, + oy.) is a component of L by Proposition 1. Writing 


L = (or, + L, = (ox, + oy.) L,’ = (022 + ® Le, 
we see that it suffices to prove this case for 7; 2, yi: Yy2. Then 


L = (0x, + oy:) 02, = (oz, + + ¥ oz (02, + owy 


> 


Where wy, = 2,— (y2°2)(y2" 1) By inspection, wy: Hence 
L, = 

Case 2. H,:-H.Cro. Then H, + H, is x°-unitary and so H,+ H, isa 
component of L. It therefore suffices to prove the result for L=H,-+ H,. 
Assume this is so. Then V(L) = 20, hence V(L,) =N(L.) = 20, hence L, 
and L, represent 2 since they are unitary. But d(L,) =d(ZL.). Hence 
L, =L. by Theorem 14.3 of [OI]. This proves the proposition. 

CoroLtiary 3. L and K are lattices of the same type such that Ly «,;)) 


and Kysi;)) both represent the same number e of ordinal s(j). If I@L 
=JS@OK where then L=K. 


Proof. We can take s(7) =0, « a unit. It suffices to prove LD =K for 


—e 1 
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instead of for the given J and J. In virtue of Proposition 1, we can write 
I@BL=I@L, L,=«c. Now l@L,—HOL =H OL, where 
H is a unit hyperbolic plane. And similarly with K. Hence H @L=IQL 
=J@K=H’@K. Hence L=K by Proposition 3. q.e.d. 


4. Supersaturated decompositions. It is our intention here to show 
that the numbers represented by L,s;;)) can be described in a simple way in 
terms of the quantities a; and v(j) defined below. We shall then show that 
any big lattice has a canonical decomposition in which the j-th component 
represents all numbers represented by the s(j)-th invariant substructure. 


DeFinition 5. For each j (1SjSt), put => 02? + 
where x runs through all vectors in Ly,j)) for which ord a? and u(j) have 


opposite parity. 
We immediately see that 
(15) u(j) Sv(j) Se +5(j), 
(16) u(j) =v(j) €> u(j) =e +8(j), 
(17) v(j) <e+s(j) —> u(j) +0(j) odd. 


ProposiTIon 4. There exists an aj; of ordinal u(j) such that every 
number represented by Lia; 1s of the form ajo? + 2°Mo. 


Proof. Take 2 € of norm and define a; Suppose that 
€ Lys cannot be expressed in the required form. Then < | 2?| 
<= |.a;| and so u(j) and ord? must have the same parity. In virtue of the 
perfectness of the residue class field we can take x? = 87a;(1-+ [x7]) where 
B€o and |x¥| <1. Suppose that @ and y have been chosen so that y is 
maximal for the given x. Then |7?|>|2]| since x does not have the 
desired form. Hence y is odd by (1). But |(a-+ Bro)?| =| B’ajr7 | > | 2, 
and this is impossible by definition of v(j). q.e.d. 

From now on we shall understand by a;—=a,(L) a fixed element of F 
which describes L,,(;)) according to Proposition 4. If da; is used instead of 
a;, then a; =4&;modx"), Note that the elements of the form ajo? + ro 
form an additive group in F. This follows from the relation 


We see that djo? + + if a;=a;modr. In particular, 
such an 4d; can be used instead of a; in Proposition 4. Consider the quantities 


INTEGRAL EQUIVALENCE OF QUADRATIC FORMS. 167 


s(j), u(j), v(j), a for L; if S(j), U(j), V(j), Aj are the same quantities 
computed for (x*o L), then S(j) =s(j) + & and so 0 L) (9 = 5 
hence 


U(j) =u(j) +&, V(j) =v(j) +4, A; = agrk mod 2), 


DEFINITION 6. We say that the component L; of the canonical decom- 
position Ly is supersaturated if L; represents all numbers of the form 
ajo? +29. The decomposition > Ly is called supersaturated if all tts 


components are supersaturated. 


It follows from (6) that if a lattice has a supersaturated component L,, 
then Lj) represents all numbers in the additive group ajo?-+7%%)o,. In 
particular, L; and L,.;;)) then represent the same numbers. Clearly a super- 
saturated component must be saturated. We would like to proceed as we 
did with the saturated decompositions and we ask whether every lattice must 
have at least one supersaturated decomposition. In general the answer must 
be no: for what can be done with a 1-dimensional component? But the 
result is true for big lattices and we shall establish it after proving the next 


two propositions. 


Propvosition 5. If L ts 2°-unitary and dim L = 5, then L represents 
every number of the form a,o? + 2p. 


Proof. 1t suffices to prove the result for an a, that is actually repre- 
sented by L. Select z,€ LZ such that z,7=a,. It follows from (12) and 
(14) that there is a vector #,€ Z such that 2,.2—2«. Now let a be a 
number of the form a,0?-++7*o. We must prove that ZL represents a. 
Suppose that L represents «-+ er’ where ¢ is a unit, but that LZ does not 
represent Then |#¥|S/ 

(i) Let |z¥|> |2|. Then w(1) and v(1) have opposite parity. 
Suppose that z7—a-+ er’. If y and v(1) are of the same parity, then by 
the perfectness of the residue class field there is a B€ o such that (z+ Bz)? 
=amod 771, and this is impossible by definition of y. Hence y+ u(1) is 
even. Using 2, instead of z, shows that this is impossible. Hence (ii) let 
|rv|<=|2|. Then we write LH @ K where H is a hyperbolic plane, and 
we see that K must represent «-+er¥mod2. Select wé€ K such that 
and then y€ H such that We see that w+y 
is the vector required. This proves the proposition. 
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Proposition 6. L is a big x°-unitary lattice and a 1s represented by L. 
Then there is a decomposition L=L,@®L, where L, represents the same 


4 be 
numbers as L, and L, = ‘ 
1 O 


Proof. Write L—=H@K where H is a hyperbolic plane. Then (1 
ugx(1) =uz(1) and vg(1) —vz,(1), so that L and K represent the same 


numbers by Propositions 4 and 5. It is easily seen that corresponding to - 
this decomposition we can write 8 
H@Kk= 
1 0 1 0 is 
Call the corresponding basis - and apply op(#,— 7, -+ Using 
equations (11) and (11b) this gives @ K =H’ @ K’ with H 
we 
and it follows by inspection that K = kK’. Hence L = H’ @ K’ is the required 
decomposition. This proves the proposition. (1 
Proposition 7. Jf L is big, it has a supersaturated decomposition. 
Proof. Suppose that we have found a saturated decomposition L = > Ky 
n 
such that the components A) are supersaturated for A~1,2,---,j7—1 Th 
where 1=jt. We must extend this property to A=j. We can take 
s(j) =0 and |x") |> [2]. Then for each X (1SASt) there is an a 
represented by K, such that 
gen 
since Li. (;)) represents By Proposition 6, write K,—(o02,-+ 0y,) 4.1 
where K,* represents the same numbers as Ky, and %, y*>=0. Then is 
and 
is in Lysj)) and (oc-+ oy;) is unitary. Hence (ox-+ oy;) is a component toll 
for the lattice oy,). This yields a new saturated decomposition 
L => J) in which the J, are still supersaturated when 1 [A Sj—1, while 
J; now represents a number of ordinal v(j) and is therefore supersaturated Not 
in virtue of Proposition 5. Thus we have extended our result to A=}. J (29 


Proceeding to 4=¢ proves the result. 


Corottary 7%. L; is a supersaturated component of the big lattice @ The 
L => Ly tf and only if RL; is a supersaturated component of RL | 


| 


US 
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Proof. Similar to Corollary 2. 

We remark that if we enlarge a given lattice by adjoining 7x*-hyper- 
bolic planes, then the enlarged lattice has the same _a’s and v’s as the original 
one. We can easily see that 


(18) vi (j) = 28(7) + var(t—j+1) 


holds for a big lattice. By the last remark it must therefore be true in 
general. 

Let L* denote a big lattice obtained by adjoining 7*)-hyperbolic planes 
to Z. Associated with is the group ajo? -+ and the same group 
is associated with L,,,;))*; we know that the elements of this group are pre- 
cisely the numbers represented by L;;;))*. By considering the relation 


we see that 
(19) ayo? + ajo? + ao, (ayo? + (ajo? + 


holds for Z if 1S}. 


5. The ideal fj. We now introduce f; for values of 7 in 1S jSt—1. 
This is an ideal defined in terms of the w’s and v’s in the following way: 


(i) af w(j) and u(j +-1) have opposile parity, pul 28D 5 


(ii) tf w(j) and u(j+1) have the same parity, let 1*f; be the ideal 


We note that f; has the same value if we replace aj, dj. by aj + {9°}, 
+ respectively. In other words, the representative of a; mod 
is immaterial. It is easily seen from (9) and (18) that f;(L) =fr;(RL) ; 
and f;(a#oL)—f;(L). Since the w’s, v’s and a’s are unaltered by the 
adjunction of *‘-hyperbolic planes which leave the type unaltered, it 
follows that such an adjunction cannot alter the f’s. By considering a 
supersaturated decomposition of a big lattice, we see that for any L, 
when s(j)=0. Thus f; is always contained in zo. 
Note that if > is supersaturated, then 


(20) (L; Lis). 


Let denote a semi-canonical basis for and put ¢(A) = ord(a2,-L). 
Then we shall have occasion to use the relation 
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where To prove the validity of 
this relation, we take s(j7) and note that € Lys j)), hence 
= aa; with a an integer; similarly x,” = + Hence 
(21) follows from the definition of f;. 

The w’s and v’s take on a simpler form when s(j +1) —s(j) +1. For 
instance, it follows from (10) that 
(22) | | < | | |. 
So we find 
(25) + 1) = if 8(7 +1) +1. 
The result (23) follows by observing that we can take a;—aj;,;, that 
v(j+1)=v(j), and that | | | |, The result 
(24) is trivial. The result (25) follows by taking a;,; aj and noting that 
v(j) Sv(G +1) Sv(j) +2, | Pa | | |, Tt is clear 
from the proofs that (23) and (24) hold even if s(j7-+1) #s(j) +1. 


The next lemma will be used in proving the necessity of Theorem 2. 
We shall establish this lemma in full generality in Theorem 3. 


LemMA 1. Let L=>K,=—>J) be two canonical decompositions of 
L such that N(K,) =2"%o = N(J,) and s(1) =0, where dim K, —dim/, 
is even and =4. Then K,=4J, (mod and d(K,)/d(J,) =1 mod f,. 


Proof. We put b, =a" f,; then we have b, if u(1) + u(2) is 
odd; while if w(1) and u(2) have the same parity we have 


b, = [vq (a,a2), ar? (?), (2)-u(1)+0(1) 


Using equations (12)-(14) we can express Ki = H @ K,*, J, =H’ @J;* 
where K,* and J,* are 4-dimensional while H =H’ are orthogonal sums of 
hyperbolic planes. Since the orthogonal complements of H and H’ in L are 
isometric, it follows that we can assume that K, and J, are 4-dimensional. 
Let a, denote a number of ordinal w(1) that is represented by K;. 


If u(2) =u(1), then b, =z" and so (12)-(14) imply that 


ay 


Hence we can assume that u(2) >u(1). We do so from now on. 


W 
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Write K, in a basis (oy, + oy2) ® (oy; + oys) in which 


1 1 
K, => ( 1 ( 1 


where « and § are units and where « and £ are integers. Then there exist 
vectors z, and 2, in J,, X, and X, in J—J.,@-- -@d;, such that 


Y= Yo=I2 + Xo. 
It is easily seen that ox, + ox, is unitary and we write 
L = (or, + 0x2) ® (0%; + 0%,) BJ = (04, + 042) (0%; + J*. 
If K denotes the orthogonal complement of K, in L, we have 
+ 0%,) J* = (oy; + OK. 


Hence ys = 23 Zs, Ys = + Zs, with zz and 2, in (0%; + 0%,), and Z; and 
Z, in J*. Again we see that 02; -+ 0z, is unitary and we get 


L = + +- 0%) OI* + (023 + 024) J* 
= (04: + 0y2) (0ys + @ K. 


Now + ox.) and + 024) both represent ; so it suffices for us to 
prove that (oz, + ox.) = (oy: + oy.) mod b, and that (02; + 024) = (oys + oy) 
modb;. On grounds of symmetry, this reduces to the single problem of 
proving (02, + or») = (oy: + oy2) mod by. 


If w(2) and u(1) are of opposite parity, we have z,?=y,?mod b,, 
= mod b,, y2 mod and the result follows if we observe 
that + {x*)})? ==2,? mod 

We now assume that u(1) <u(2) have the same parity. In this case 
+ {x} =a*a,modb,; while er“) implies that 
ex“) = q,modb,. Similarly with Hence we may take 


X ,? mod b,, = b*er") mod b,, 
where a and 0b are integers. We therefore have 
= (1 + mod by. 
Replace z, and 2, by 
(1 + and (1 + (2, - 22) 


respectively. An easy computation shows that this second vector has norm 
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— mod b,; so we have (ox, + = (0; + ow.) mod 6, where 


Ow, + Ow. has the matrix 


er () 1 
( 1 Oar?) 


Now replace w. by (w2 + (1 + Doing this we 
see that (oz, -+ or.) = (ow; + 00.) = (oy, + 0y2) modb,. This proves the 
lemma. 


Proposition 8. Let L= SI, and be two canonical decom- 
positions of L. If j ts fiwed (1SjS t), we can pass from YI, to DM 


through a chain of canonical decompositions 
such that under each transformation either (i) }J,—=D> Ky or (ii) 
1 
J, = Ky (1SASj—1). i 
j 
Proof. We proceed by induction to d=dim(SJ,). If j=1 we are § ” 
1 
through. So assume that j>1. We can take s(1)=0. Let <y> denotea § ™ 
canonical basis corresponding to > WM). ( 
i 
Case 1. I, proper. Then we can write y,=2,+X where 2,€ J, p! 
t j 1 
YES]. Since z,? and y,? are units, we can write SJ, in a canonical 
1 
basis <z> having x, as its first element; this is the first transformation of §j lat 
the chain we are constructing and it satisfies the first condition of the § no 
proposition. wh 
Apply 24) and put Y,;=op2,, rq. = Op Wi 
Using (11) and (11a) it can be verified that y,=«V, + 8X a+, wheree 4, 
and § are units. Put Vy*—Y,-+84Y and express J in the semi-canonical he 
basis [0 
L=oX, @ (or, +: -+0Xe,+ 0X (02a. + ter 
Apply X, + 78X4*) and call the resulting basis <z>. Then all 
the requirements of the proposition are satisfied by our chain of transforma- ; 
tions. On the other hand «,—y,; we can apply the induction to the (28 
orthogonal complement of oy, to extend the chain from <z> to <y>. for 
Case 2. I, improper. We can write with 
; 1 Tat) 


t J ‘ 
X€> I; since there must be a vector for which 
1 


‘ 
Z 
, 
| 
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t,°%=1. Since oz, + ox, is unitary, we can suppose that z,, 7, is extended 


t 
to a canonical basis for Apply and put X,—opn, 
1 


Xa=op2%a, Xa1—optar. Using (11) and (11b) it can be verified that 
y, = eX, + ar, +5X4+X, where « and 8 are units, «€0. Put Xg*=— 
Xa+6'X and express L in the semi-canonical basis 


L = (0(eX, + + 0%2) +: 4+ 0Xa1 + 


Now apply op(eX, + ar, eX, + ar,+ 6X,4*) and call the resulting basis 
<z>. Note that all these transformations are admissible in the sense that 
they satisfy the requirements of the proposition. 

We now have y; Yo = 41221 +: + hence 


Replacing 22 by a;2; + we see that we can assume that y. =z. Z 


n 
with Z€ S\0z,. We now proceed exactly as we did with y,;, and using 
d+1 


admissible transformations only we arrive at a basis S(0z)’ in which 
n n 

(oy: + oy.) = (02, + 02’). Then = Soy, and the induction com- 
3 3 


pletes the proof. 


6. Unitary lattices modulo p. The Hasse symbol S(L) of a given 
lattice ZL will play an important part in the rest of the paper. In the 
notation of Witt [WI], S(L) is the product of quaternion algebras [J (a, ay) 

ASu 


where S'a)*x)? is any diagonal form associated with the metric in FL. 
When manipulating with these symbols we will use without further reference 
the rules of operation established on pp. 37-38 of Witt’s paper [WI]. These 
results are valid over general fields; in addition, we have seen on p. 98 of 
[OT] that in a local field whose residue class field is perfect and of charac- 
teristic 2, the following relations are true: 


(27) (1+ 
(1+ 4a,er)=1 (14+ FP, 


for any unit « and any @€ o. 
Now let & be a rational integer, 0< ke. We contend that the quad- 
tatic form 


(1+ 22 + (1+ 
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represents 1. To this end we consider the lattice 


L = (1+ (1 + 


It suffices to prove that L represents 1. Let us write L in the basis oz; © vz; 
in which L=(1+[x7]) (1+ with y maximal. Then | 
< | =| Suppose if possible that y<o. Then by Hensel’s lemma, 
y =e; on the other hand, y must be an odd number or we could apply 
op(z,—2z,-+ ex.) with a chosen so as to increase y. Then there is a unit 
E such that 

=1+ En? = (14 x’)? — 


Hence we can in fact assume that 2,7=1—(4H77)*. Now apply 
22, we see that (x, -+ =1-+ where 
| w2vtk-2e | < | rv |, and we have increased y, which is impossible. Hence L 
represents 1. So the given quadratic form must represent 1. By putting 
m = 2e + 1—k we see that this result remains valid if e<k=2e. Hence 
we have 


(29) ((1+ (14 =1 if 0<kS2e. 


We now prove that (A,B) can always be represented in the following 
way: 
(30) (A, B) = (14+ 4¢, x) for some C € 0. 


First let A be a unit, B a prime; successive application of op(z;—> 2, + az.) 
to the lattice L = Ax? + By? shows that this form is equivalent to the form 
(1 + {4})z? + Day; therefore we have (A, B) =(1 + {4}, Dr) =(1-+ {4},7) 
by (27). In general, we can suppose that A is either a unit or a prime; 
and similarly with B. If A and B are both units, then (A, B) = (A, Br)(A,7) 
= (1+ {4},7); if A and B are both primes, then 


(A, B) = (Br, A)(— Aw, r) = {4}, 72). q.e. d. 


In particular, (30) shows that the algebra classes (a,5) form a group 
over fields of our type. Now suppose that the Hasse symbols are not trivial 
over F. Then there is a unit « such that (1+ 4e)4¢ F'; in other words, 
x? + x—e is irreducible over F. Since this polynomial has distinct roots 
moduloz, it must be irreducible over the residue class field #, by Hensel’s 
lemma [AI]. Hence F has at least one quadratic extension. Conversely, 
let us assume that F has a quadratic extension and let «?-+ ex+ 8 be irre- 
ducible modulo + Then (1—4ée*)5¢ F and so the Hasse symbols are 


non-trivial over F. 
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THEOREM 1. L and K are x°-unitary lattices of the same dimension 
such that =v = vx(1) and a,(L) =a=a,(K) with |a| =| 2}. 
If pC wo, then L=Kmodp tf and only if (i) d(L) =d=d(K) modap, 
(ii) (d(L),ad)S(L) = (d(K),ad)S(K) when |p| 


Proof. We write |a| =| 


Necessity. If we adjoin a hyperbolic plane to L and K, the resulting 
lattices are still isometric modulo p, and their u’s and v’s are the same as 
for L and K. It is easily seen that if (i) and (ii) are true for the enlarged 
lattices, then they are true for Z and K. MHence we can assume that 
dimiL—dimkK=38. If LZ and K are proper, we can adjoin J = (a) to L 
and K, and the same argument shows that we can assume that dim Z = dim K 
= 4 is an even number. 

We have mentioned in (12)-(14) that a basis can be found for Z in 
which L=L, L.@ > Hy where the Hy are hyperbolic planes and 


Since L = K modp where pC "0, it follows from Lemma 2.2 in [OI] that 
we can obtain a decomposition K,@ K,@ > M), for K in which 


K, = IL, mod p, K,=L.mod M) = Hy) mod p. 


Calculating determinants in these bases proves that d(L) =d(K) (mod -z*p), 
thereby proving the first result. We now define d as any unit satisfying 
the first relation. In order for (ii) to be non-vacuous, we assume that 
pC If we have pC 20, hence L=K by Lemma 14.4 
in [OI], and so (ii) holds. Hence we can suppose that e>wu, v>wu. Then 
it follows from the same result in [OI] that L,.@ DH, =K.@®> Mj. 


1 
1 {x} 


dy=dp+ where dy—detZ, and dg—detK,. We know that 
ar“ == b= B(modz*“). An easy calculation with Hasse symbols gives 


We can write K, = ( 


), where we have 


(d(L),ad)S(L) (d(K),ad)S(K) = (bB, — dy) (dydp, —an"Bdd,d(L)). 


Using (29) it is easily verified that this expression is equal to 1. Hence we 
have (d(L),ad)S(L) = (d(K),ad)S(K), and this proves the result. 


Sufficiency. If L and K each contain a hyperbolic plane, then it is 
easily seen that (i) and (ii) are satisfied by the orthogonal complements 
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of these hyperbolic planes in L and K respectively. We can therefore 
assume that Z and K do not both contain hyperbolic planes. In particular, 
we can assume that 1 < dim 1 =dim K <4, since the proof of the 1-dimen- 
sional case is obvious, while any unitary lattice with dimension = 5 must 
contain at least one hyperbolic plane. We can also suppose that |p| < | ="|; 
for the case p==2"o follows immediately from (12)-(14). 

Let us express Z in a canonical basis. We can vary modulo p a certain 
diagonal entry in the corresponding matrix for L to obtain a new lattice 
L* =LImodp for which d(L*) =d(K). It follows from the necessity of 
this theorem, already established, that Z* and K continue to satisfy the 
given conditions. In effect this means that we can take d(L) =d(K) from 


the start. 


Case 1. |p|<|4mr°|. Since d(L) =d(K), the second condition 
implies that S(Z) = S(K), and so L and K are field equivalent by Satz 17 
in [WI]. In order to prove that L = K, we adjoin hyperbolic planes to L 
and K until we get two corresponding big lattices L’ and K’. Then L’ and 
K’ are field equivalent, and they represent the same numbers by Proposition 
5; hence L’= K’ by Theorem 19.1 of [OI]; hence L =K by Proposition 3. 


If dim 1 — 2, since | ar® | > | 2| we can write 


|e |.—=1, | «| —1. 


1 


Case 2. |p| =| 


Then it is easy to see that K represents er“ mod 4x", hence modp. We can 
therefore find a K* = K mod p such that K* represents ex“ and d(L) = d(Kk*). 
But such a K* is isometric to L by Theorem 14.3 in [OI]. Hence L=K 


mod bp. 
If dim L = 3, by (12)-(14) we can write 


] 1 


where « and 8 are units. The result is then immediate since | p |= | 47°! 
and since by a determinantal consideration «= émod p. 

Now consider the 4-dimensional case. wu and v are of opposite parity 
since |4r-°|=|p|<|a"|. We recall that we are taking d(L) =d(XK). 
By (30) we have S(L)S(K) =(1+ for some HE o. Write 


1 err” 1 
~( 1 © ( 1 


L 
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with e« a unit, « and £ integral. Now consider 


Clearly K* = K mody; and d(L) =d(K*) =d(K) ; computing Hasse sym- 
bols we get 
S(K)S(K*) = (er"*",1 + = (7,1+ 42), 


using the fact that w and v have opposite parity. Hence S(K*) —S(L). 
Adjoining hyperbolic planes to L and K* we get two lattices which are field 
equivalent and represent the same numbers; these lattices are isometric 
by Theorem 19.1 of [OI]; hence L=K*; hence L=Kmodp. This com- 
pletes the proof of the theorem. 


Proposition 9. L and K are unitary lattices and p ts an ideal in zo. 
If H and H’ are unit hyperbolic planes and H @ L =H’ ® K mod), then 
L = K mod p. 


Proof. Suppose that v=v,Svg. If |p| =| express Z and K in 
the bases (12)-(14); then we easily see that L=Kmodp. Now let 
\p|<|’|. Then all the lattices L, H @ L, H’ @ K, K, have the same a’s 
and v’s. Apply the necessity of Theorem 1 to H@L, H’ @K, then the 
sufficiency to Z and K. q.e.d. 


Corottary 9. If L and K both represent the same number a of ordinal 
a1 
1 0 


Ur, and if H = ( )= H’, then 
If a ts a unit, the result holds for H = (a) =H’. 


Proof. Let H have the basis (oy; with y,°=a, yo?=0. By 
the proposition we can assume that Z and K are big. Hence we can write 


b= in (07, + 0%.) 


Apply op(yi2y:+2,) and do the same with H’@K. Now apply the 
proposition again. ‘T’o prove the second half consider a @ —a instead of the 
given H and H’. q.e.d. 


7. The invariants. Now we can quickly derive our invariants. If 
Ly is a canonical decomposition we define 
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for 1<jt. The fy are defined as in Section 5. The quantities v(A), a, 
dy, appearing below are actually defined by the relations (i) and (ii), while 
the ideal is the type invariant given by d(%,)o —d, = d(K,)o. 

TuHEoREM 2. Let L and K be two lattices of the same type and in the 
same space. Let L=>L) and K => K) be canonical decompositions of L 
and K. Then L is isometric to K if and only if the following relations hold 
for all appropriate X: 


(i) vz(A) = v(A) = vg(A), ay(L) = ay = a(K) mod 


(ii) d(&y) = dy = d(Ky) mod dyfy, 


(iii) | < | (d(Ly), S(Lr) = (d( Ky), S(K)), 


(iv) | < | — > (d(¥Ly), andy) S(Lr) = (d( Ky), andy) S(Ky). 


Proof. If we adjoin a 7*-hyperbolic plane to L we see that the type 
of Z is unchanged and so it follows by inspection that the fundamental 
invariants a), v(A), f, are the same for the enlarged lattice as they are for L, 
1=aAxt. In particular, if the same hyperbolic plane is adjoined to K it 
follows that the two new lattices will satisfy the relations (i)-(iv) if and 
only if Z and K do. On the other hand, the enlarged lattices will be 
isometric if and only if L=K. Hence it suffices for us to consider big 
lattices only. Now suppose that dim Z; is an odd number for a certain j 
(1=jSt). Let us adjoin a lattice of type (aj) to both LZ and K. Then 
the enlarged lattices will be isometric if and only if L=K, in virtue of 
the cancellation law established in Corollary 3. And it is easily verified that 
L and K have the same invariants (i)-(iv) if and only if the enlarged lattices 
do. Combining this with our first remark we see that we can assume that 
both Z and K are big and that their components in any canonical decom- 
position are of even dimension. We shall assume that this is so. 


Necessity. We can take L—=K. The first result is then immediate. 
We now fix 7(1jSt) and we establish (ii) and (iv) for A=j. A 
straightforward computation with the Hasse symbols shows that we can in 
fact take s(7) 0. Construction: adjoin a lattice of type 


0) ( 1 0 0) 0 
to L and call the resulting lattice L*. Then the a and v(A) are the same 
for L* as for L, by (19). Hence this is also true for f,. 
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Now we can pass from } LZ) to } Ky by a chain of transformations of 
the type described in Proposition 8. If we can establish (ii) and (iv) for 
each member of the chain, then we have established it for the given decom- 
positions in virtue of the transitivity of the relations in question. Now (ii) 
and (iv) are obviously satisfied by a transformation of the first type since 
¢; and K; do not change. It therefore suffices for us to prove the result 
for a transformation of the second type. In effect this allows us to assume 
that L, K, for 1=ASj7—1, and so 


Since the “f,” for this lattice is precisely f;, it follows from Lemma 1 that 
(31) L;* = K;* mod d(L;*) /d(K;*) =1mod fj. 


The second half of this result shows that d(¥%;)/d(K;) =1mod fj, and so 
(ii) is established. 

We now take d; as defined by (ii) and we prove (iv). We assume that 
the condition | rf; | << | 4r"M| is in fact satisfied for the 7 in question. 
Thus Theorem 1 when applied to (31) gives 


(d(L;*), ayd (Lj*))8(Lj*) = (d(Kj*), ad (L;*)) 8 
and so (d(L;)d(K;),ajd(L;))S(L;)S(K;) =1. Hence 
(d(£j), ajdj)S (d( Kj), ajd;)S (Kj) = (d(L;)d(K;), djd(¥;) ). 
and the right hand side of this equation is of the form 
(1 (1 + (23,1 + (2x}), 
which is equal to 1 by (29). This proves (iv). 


We now prove (iii). Let V(A), A), f,x* denote the invariants under 
discussion when evaluated for #L. We have 


V(t—aA+1) =v(A) — 2s(A), = Ayr fr-r* = fr. 


lf we define &)* as the sum of the first A components in RL=RL;@- - - 
®RL,, we see that d(¥\*) —a2d(¥; )d(L) where is a certain field 
element. We put d,\* = a?d;,d(L) and get 


d(£y*) =d(K,*) mod dy*fy*. 


Now suppose that condition (iii) is non-vacuous: then | +f, | < | 4aG+) |, 
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Hence | | < | |. Apply condition (iv) (already proved) to 


RL and we get 


If we resubstitute in this equation, and use the fact that d(¥%;)/d(K;) = 
1 mod 2z, we arrive at condition (iii). This completes the proof of the 


necessity. 


Sufficiency. We are given that (i)-(iv) hold for the particular decom- 
positions SZy, Ky. In virtue of the necessity (already proved) these 
conditions must hold for any two decompositions L = }\I[y,, K => Ky. So 
we can assume that the given decompositions >) 2), S Ky are supersaturated. 

We shall prove the sufficiency by an induction on the length s(t) —s(1) 
of Z. That the induction can be made to start with lattices of zero length 
can be seen as follows: since Z and K are big, condition (i) implies that 
they represent the same numbers, and so L=K by Theorem 19.1 of [OI]. 
We note that (ii)-(iv) are vacuous for lattices of zero length. If we now 
proceed with the induction, it is easy to see that the given conditions are 
unaltered if we replace Z and K by xw*oL and x*oK, and so we can take 
s(1) =0. Since any unitary lattice of dimension = 5 contains a hyperbolic 
plane, we can assume that dim l,—4—dimK,. The basis of the inductive 
proof will be this: we must find decompositions L—=L,’ @ Ll’, K=—K,’ @ kK’ 
with 


where L,’ = K,’, and such that L.’, A,’ are still supersaturated components. 
Once such a reduction has been achieved, it is easy to see that LZ’ and K’ 
will also satisfy the conditions of the theorem. In point of fact, the quantities 
a;, v(j), f; are the same for L’, K’ as for L, K, only a simple relabelling 
being required. If dj’ is defined by d;’ —d,/d(Z,’), the remaining conditions | 
of the theorem must hold for L’ and K’. For the rest of the proof call a 
saturated decomposition of the given Z supersaturated if the first component 
represents a number of ordinal v(1) while the remaining components are 
supersaturated. Similarly with the given K. 

One further observation before we start the proof proper. If the super- 
saturated decompositions }| 1. SK, are such that u(1) and u(2) have the 
same parity and if L,=K,mod7r"®), then we can write K, ® K, in a new | 


supersaturated decomposition 


(32) K,@K.=—K,@K, 


| 
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with L,=K,. We prove this by writing L, and K, in the canonical bases 
02, + 0%. + ox, + ov, and oy, + oy, -+ oy: + oy, respectively, with 2? = 
yy? + a where a € ro. Since K, represents %, we can use Proposition 6 


to express 


where the second component in the above isometry still represents the entire 
group a,0°-++-2*o. Now apply op(y.>y,+y;) to get a new K, with 
a? = Doing this for A=1,2,3,4 gives the desired result (32). 


Case 1. u(2)—wu(1). The first component cannot therefore be proper. 
Consider L Since LZ, represents we can use Proposition § 
to apply successive changes of basis to L until we find a decomposition 
L=L,@L’ @L;@:--@L, in which L,’ is still supersaturated, and such 


that 
1 
L > 
(‘ ») 1 


where ¢=() when w(1) and v(1) have the same parity or when | x*@ | 
= |4r-% |. This construction uses the “op” transformations mentioned in 
(11) and is similar to the construction used in Lemma 16.3 of [OI]. We 
omit the details. 
We repeat the construction on K =>) Ky. If u(1) and v(1) have the 
same parity, or if | |= |4r"@ |, then L,’=K,’ and so 
OK; 


by the inductive assumption. We can therefore assume that u(1) + (1) is 
odd, | (?) | , 


33 , K/= 


By (23) we have Then | | | (2)+u(1)+0(1) | < | | 
=|47r@) |. Then (iii) must hold for these decompositions of L and K, i.e. 


(d(L,"), S = (d( Ky’), S(Ky1’), 


and so ((1—4a)(1—4),a:d;r") =1. Using (28) this implies that 
(1—4a) = (1— 48) and so L,’=K,’. Again we can apply the induction. 
This completes the first case. 


Case 2. u(2)=u(1)+1. Applying a little extra care when u(1) —0, 
we can proceed as in Case 1 to get decompositions in which 
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~ 


where 8 = 0 when | | > | |. So we consider | | < | |, 
Then | | = | | < | |. Condition (iii) again gives 
1 =K,’. Thus Case 2 is established. 


Case 3. u(1)=—e. In virtue of Cases 1 and 2, we can assume that 
| (2) | = | | | Then we easily see that |f,|<|4r|. Now 


But d(L,) =d(K,)mod4r. Hence L,=K;. So this case is proved. 


Case 4. s(2)=s(1) +1. Then in virtue of the first three cases we 
can take u(1) <e, u(2) =u(1) +2. Also s(1) is assumed to be 0, and 
so s(2) 1. Then the behaviour of v(1) and v(2) can affect our result in 
three different ways. In the first place, we may have |r) | >|2]|, and so 
| | > | Then by (25) we have f, = hence d(L,) = d(K,) 
mod But | | > | | > | |, since | | > | 21. Hence 
L, = K,modx"® by Theorem 1. We can therefore write K in the super- 
saturated decomposition K K,’@ - -@® K; in which L, = Ky’. 
We then use the inductive hypothesis to arrive at the isometry L = K. In the 
second place, we may have v(1) =e=—v(2). Then obviously L, = K,mod?2. 
Hence we can find a supersaturated decomposition K — K,’@ K.’@ K:@-:: 
@® K; in which K,’/=JL,. Again we are through. Thirdly and finally, we 
may have v(1) =e < v(2); then in fact v(2) =e+1. Since f, = 24%, 
mF, == 4-3", condition (iv) must be non-vacuous and we get 


(d(L,),a,d,)8(L,) = (d(Ki), a.d,)8(K,). 
Thus LZ, =K,mod2z by Theorem 1. Hence the result follows from (32). 


Case 5. s(2) >s(1) +1. We can take u(1) ce, u(2) Zu(1) +2. 
Define NV, as the orthogonal sum of six z'-hyperbolic planes and let L* and 
K* be defined by the canonical decompositions 


Now it follows immediately from the definition of the quantities involved 
that u*(7) —u(j), v*(7) =v(7), aj* =a; for Hence 


(35) =f; for j= 2,3,4,- - -,¢. 


All these quantities are clearly the same for Z* as for K*. We agree to 
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drop: the *’s except for emphasis. Notice that the notation has suffered 1 
minor inconsistency in passing from L to L*. Thus a,* and v*(1) still 
refer to Lio)*. But for 722 we are now using a;* and v*(7) to describe 
Lisjy)*, although strictly speaking they should be relabelled aj,,* and v*(j + 1) 
with 7 running from 0 to ¢. Similar remarks apply to f;*. We shall use a, 
and v(*) to describe the numbers represented by L(1)*. 

How are dy, v(*), f:*, and f,* =f, related? Since u(*) =wu(1) + 2, 
we can take a,;— 4,7". We also have 


v(1) Sv(*) Sv(1) Se +1. 


Note that L,,)* and K,,)* represent the same numbers and so v(*) is the 
same for both. If we choose a semi-canonical basis <r) corresponding to the 
supersaturated decomposition >| Z, in which L, and Lz both have the form 
(12)-(14), we easily see from (21) that 


(36) > fi Fx 2 fi 


Let us consider the invariants of Z* and K*. We put d,*=—d,, 
dy for Then condition (i) holds between 
L* and K* for all A. By (35) and (86) we see that for A1, *, 2,3,- - -,t, 


d(y*) = dy* = d(Ky*) mod fy*dy*. 


Now consider (iv) for the two enlarged lattices. If we have | #f,* | 
|, then | rf, | < | |, in virtue of (36), and so (iv) holds 
when A=1. If A=*, and | rf, | < | 4r" |, then 


|S] | < | | — | | 
hence 
(d(£;), a1d,)S = (d(K1), a,d,)8(K;) 
and so 
(d(L4*), = (d(Ky*), S(K,*). 


Condition (iv) is immediate for 2,3,-- -,¢. 


Now consider condition (iii). For A= 1, we have | | == | | 
=| | since | Thus (iii) is vacuous when A=1. On 
the other hand it follows from (35) and (86) that (iii) holds when 
A= *, 2,3,- 

We have therefore shown that L* and K* satisfy the invariants of the 
theorem. Now L* and K* have length s(t) —s(1) s(t); and the result 
has heen established for lattices of this length which satisfy s(2) —s(1) +1; 
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hence L* = K*; hence L =K by Proposition 3. This completes the proof 


of Theorem 2. 
Condition (ii) of Theorem 2 gives a determinantal description of how 


&; varies as we change the canonical decomposition L => Ly of L. If we 


define 


we shall see that these quantities describe the change in the j-th component 
of Ly. Note that bj(2oL) —ab;(L). 

THEOREM 3. L,—L=> are two saturated canonical decom- 
positions of L. Then L;=K;mod6; for 1Sj St. 


Proof. In virtue of Proposition 9 we can assume that L is a big lattice. 
It suffices to prove the result when s(j) 0 and when one of the decom- 
positions, let us say >) Z, is supersaturated. Let a; be represented by K;; 
then it is represented by L; since >| Z, is supersaturated. So we can assume 
that dim L; is even, by Corollary 9. If 71 we have L,=K,modb, by 
Lemma 1. If j—¢ the result follows by considering @eZ instead of L. 
Now suppose that 1<j Adjoin 


(J-1) a; a8 (9) Aj, (J +1) 

- 0) rit) 
to L and call the new lattice L*. Then we can pass from > 1)* to ¥ K)* 
through a chain of transformations 
represents a (j---1=ASj-+1) and such that either 


such that each J)* ' 
j 

Sh" or TH". If the transformation is of the first type 
a 

we have = J;* mod 6; by Lemma 1, since f, (Zh*) Tt the 

transformation is of the second type we can deal with @L* instead of L* 
and we again get /;*=J;*modb;. Hence L;*=K;*modb;. Hence L;= I 
K;mod 6; by Corollary 9. q.e.d. is 
q. 

8. Concluding remarks. Our main result, Theorem 2, expresses the 
invariants of Z in terms of the fundamental invariants a; and v(j) which T 
were derived from the simplest invariant substructures of ZT. We now show th 


that the numerical computation of these quantities can be reduced to the 


field problem of computing quadratic residues. 
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Since we can express J in a canonical basis using elementary operations 
only, we suppose that LZ is expressed in a semi-canonical basis S}oz,. Write 
t(A) =orda,-L. Then ¢(1) St(2)S---St(n). The basis <z> induces 
a canonical decomposition L = > LZ, on L where the s(7)’s and ¢(A)’s have 
the same range of values. Now we can easily define a;: a; is the greatest of 
the field elements 


under the given valuation, where 2, runs through L,@:--@ Lj. and 2, 
runs through L;@®-- -@® Ly. 
Suppose that all a; have been determined. Contention: 


where 2, runs through L, - -@L;-, and zx, runs through L;®- -@® L:. 


Proof of contention. We write r“o for the ideal defined in (37). We 
must prove that »—v(j). We can take s(j) —0. If we consider PL we 
see that =per(1), while vz(7) by definition of v(7). Thus 
we can assume that 7=1 and s(1)—0. We must therefore prove that 
v(1) =p where 


First we prove | 7°) |2=|a#|. This clearly holds if »e; hence we assume 
that e, hence r“0 = 2;?q(a,7;7) for some i. If x? € we are through. 
Hence suppose that =a,a? + with | > Then 


Conversely we prove | |< Suppose if possible that | > | w#|. 
So | | >|2 |. Then we must have 2? = + Byr* for all A. Now 


any «€ L can be written S}c,z,. Then 


x? = = (Dd 2a, mod 


In particular, this is true for a vector x whose norm has ordinal v(1). This 
is impossible since v(1) and u(1) have opposite parity when | | >| 2]. 
q.e. d. 

Let us call a big lattice L dense if s(A +1) =s(A) +1 forlSaASt—1. 
Then in virtue of Proposition 3 the problem of this paper is equivalent to 
the problem of finding when two dense lattices Z and K are equivalent. 
It is worth noting that the results can be simplified if we restrict ourselves 
to dense lattices only. Thus the w’s will satisfy (22); the f’s are given by 


r 
e 
h 
Ww 
e 


186 O. T. O’MEARA. 


(23)-(25) ; and Theorem 2 can be established without considering Case 5 
in the proof of the sufficiency. 

We conclude by giving a counter-example to show that both the con- 
ditions (iii) and (iv) are required in our characterization. Let F be the 
field R.(x) where R, is the 2-adic numbers and = is a root of 2*—2— 
For any F'€ 0 define L as the lattice with associated matrix 


Let K be given by the same matrix, but with #0. We can suppose that 


the EZ in L is a unit for which (1—4H#,7r) ~1. For both LZ and K we have 


v(1)—e, v(2)—e+1, v(3)=—e+2 


fh 2 fo 22 o. 
We see that (i)-(ii) hold for Z and K. Also (iii) is satisfied, being vacuous. 
But (iv) does not hold. Hence by the necessity of Theorem 2, L and K 
cannot be isometric. 
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ON JACOBI BRACKETS.* 


By PHILIP HARTMAN. 


Hypothesis (H): Let z=2z(x) be a solution of the pair of partial 
differential equations 


(Ir) F(a, p,z) =0, (lc)  G(z,p,z) =0, 

where z, F', G are scalar functions of class C* of their arguments, 

and p=gradz in (1). 


A standard theorem states that if (H) holds and if z is of class C? 
(instead of merely C’), then z is a solution of the partial differential equation 


(2) [F, G] =0, 


where [F,G], the Jacobi bracket, is the function of (z,z,p) defined by 


(3) [F, @] (F,(G* + p*@,) — (F* + 


in terms of = 0F /dp*, F* =0F /dx* and the corresponding partial derivatives 
of G. 

If F and G are linear in the components of p, then the additional assump- 
tion that z is of class C? is not needed in this assertion; cf. the results on 
Poisson parenthesis in Ostrowski [1] and the references there to Gillis, E. 
Schmidt and Perron. 

Professor Wintner has raised the question whether or not the additional 
assumption that z is of class C* can be omitted in the general (non-linear) 
case. In this note, his question will be answered in the affirmative if n —2 
and, under an additional condition, if n>2. For example, if n=2 and if 
one of the functions /’ or G is linear in the components of p, then the answer 
is in the affirmative; in particular, there will result a new simple proof for 
the case that both F and G are linear in the components of p. 

The results will be obtained as corollaries of the theorems of Plis [2] 


* Received May 23, 1956. 
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on the existence of characteristics on a solution of a partial differential 


equation. His theorems are applicable by virtue of the following remark: 


(*) Assume hypothesis (H). Suppose that, on some ¢-interval, (z, p, z) 
= (z(t), p(t),z(t)) is a solution of the system of differential equations for 


characteristics 


a= (2, p, 2), 


= — F* (a, p, z) — pF ,(2, p,z), 


(4) 


where ’—d/dt, and that z(t) =z(x(t)), p(t) =gradz(z(t)). Then the 
relation (2) holds for (2, p,z) = (x(t), p(t), 2(#)). 

In order to verify this, note that G(ax(t), p(t),z(t)) = 0, since z is a 
solution of (1g). Differentiation of this relation G0 with respect to ¢ is 
permitted and gives + G,p”) + Gz’ =0. In view of (3), the 
relation (2) for (x, p,z) = (a(t), p(t),z(t)) follows from (4). 


(i) Assume hypothesis (H) and n=2. Then (2) holds for (2, p,z) 
= (x, grad z(x),z(2)). 


For convenience, let (#,y) and (p,q) be used instead of the vector nota- 
tion z and p. The relation (2) holds at a point (2, y, p,q,z) if = F,=4G, 
Suppose that, at some point, say 


0. 


(x,y, p, q,2) == (0,0, p(0, 0), ¢(0,0),2(0,0)), 


one of these partial derivatives, say Fy, is not 0. Then, in some neighborhood 
of that point, the partial differential equation F —0 can be written in the 


form 


(5) 


where f is of class (' in its arguments. Also, (4) is equivalent to the system 
(6) — fas p=fat pfs: 


where ’=d/dr. According to Plis [2], there exist for small |x| (con- 
tinuously differentiable) functions y = y(x), z= 2(2), g=4q(z2) satisfying the 
first three equations in (6) and the conditions y(0) =0, z(z) =2z(a,y(2)), 
q(x) =2z,(2,y(x)). It follows from (5) that has a 
continuous derivative p’(x) and that the last equation in (6) is a consequence 
of the first three and of (5). Thus (i) follows from (*). 


2’ =f 


y= 
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(ii) Assume hypothesis (H) and n>2. Then (2) holds for (2, p,z) 
= gradz(x),z(x)) if the initial value problem 


(7) dx*/dt = grad z(x),z(x)), 2(0) == 2p 


has a unique (local) solution for every point «7, with the property that 
at least one of the partial derivatives F,,—dF/dp*, where k —1,- - -,n, is 
not 0 at (2, p,z) = (2, grad z(%), 2(Xo) ). 


This follows from the above arguments and from a theorem of Plis [2] 
concerning existence of characteristics on C?-solutions of equations (5), where 
p, 2 are scalars, y= (y',- --,y") and -.q"), =0z/dy*. 
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ON THE FINITE FACTOR GROUPS OF ABELIAN GROUPS 
OF FINITE RATIONAL RANK.* 


By SHREERAM ABHYANKAR. 


1. Introduction. In our recent paper we have given a proposition 
(Proposition 1 of Section 3 of [2]) to the effect that a finite factor group 
of a torsion free abelian group of rational rank one is necessarily cyclic. 
In the present paper we generalize this result to groups of finite rational 
rank, namely, we shall prove the following theorem. 


THeEorEM. Let A be a torsion free abelian group of finite rational rank 
n and let B be a proper subgroup of A of finite index. Then A/B is a 
direct sum of m cyclic groups with mn. 


From this theorem, in view of Satz 3 of Krull [4] and Theorem 1 of 
[5], we obtain the following corollary. 


Corontary. Let K be an n-dimensional algebraic function field over 
an algebraically closed ground field k of characteristic zero, and let K* be 
a galois extension of K. Let v* be a real zero-dimensional valuation of 
K*/k and let v be the K-restriction of v*. Then the splitting group of v* 
over v is a direct sum of m cyclic groups with mSn. 

Now let us refer to the discussion of the resolution problem sandwiched 
between Theorems 2A and 9A of Section 9 of our paper [2]. There we raised 
a valuation-ramification theortic objection to Theorem Z, which leads us to 
conclude that Theorem Z must be weakened at least to the point as to read: 

. every singularity of f[V,] is an s-fold normal crossing with sSr-+1. 
In view of Theorem 2 of [1]. the above corollary says that as far as valuation- 
ramification theory is concerned, this weakened form of Theorem Z is unobjec- 
tionable. This resolution theoretic implication accounts for our interest in 
the theorem of the present paper. 


2. Proof of the theorem. The proof of the theorem will be preceded 
by two propositions. We shall use the following notations. By R and Z we 
shall denote respectively the additive groups of the rational numbers and the 
integers. For a positive integer n, we shall denote by Z(n) a cyclic group of 
order n. For a prime number p, we shall denote by Z(p”) the additive 
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group of those rational numbers whose denominators are powers of p. For 


abelian groups G, G,, Gm, we shall denote by G, and respec- 


m 
tively the direct sum of G,, and the direct sum of m isomorphic 


copies of G. For well known properties of finite abelian groups which we 
shall use, we refer to Chapter 3 of [6]. 


Proposition 1. Let G=@®Z\p”) where p is a given prime number. 
Let A be a subgroup of G@ and let B be a proper subgroup of A of finite 


index. Then A/B=@®@Z(p%) where the a; are unique integers such that 
4=1 


and 
Proof. Let G* (respectively A*) be the subgroup of elements u in G 
(respectively in A/B) such that pu=0. Then G*—@Z(p). Since the 


order of every element of G is a power of p, the same is true for elements 


of A/B. Since A/B is finite, we have A/B = @ Z(p*) where the a; are 


unique integers such that 1S a,Sa,.S:-++:Sdm. This direct sum decom- 
position of A/B implies that A*—@Z(p). Let f denote the canonical 


homomorphism of A onto A/B. Let w;,U2,- - *,Um be a basis of A* and 
fix v; in A such that f(v;) =u; Let A, be the subgroup of A generated by 
Vi, Um; let B, = pA,, and let A,* be the subgroup of elements wu of 


A, such that pu=0. Then B,C(A,NB) and [A,:B,] Sp; since 
f(A,) =A,/(A.N B) =A* we must have [A,:B,] =p” and B, =A, NB. 
Since A, is of finite order which is a power of p and since A,/B, = A* 


=@®@Z(p) we conclude that A,=—@Z(p"). Therefore @Z(p). 
m 4=1 


m 


Since A,* is a subgroup of G* we must have m<=n. 
Proposition 2. Let G=@(R/Z). Let A be a subgroup of G and 
let B be a proper subgroup of B of finite index. Then A/B=@Z(qi) 


with mn. 
Proof. As in the proof of Proposition 1 of [2], R/Z= ® Z(p”) 
peP 


where P is the set of all prime numbers. Hence G= @® Z,(p*) where 
peP 


4,(p°) = @Z(p”). It is clear that Z,(p*) is the subgroup of exactly 


those elements of G whose orders are powers of p. Let A, and B, denote 
the subgroups respectively of A and B consisting of all those elements whose 
orders are powers of p. By Theorem [1] of [3], we have that A= @ A, 


peP 


m 
n 
m 
m 
0 
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and B= @ B,. Hence A/B= @ (A,/B,). By Proposition 1 we have 
peP peP 
that for a given prime number p either Ap—By, or 


with 1 Sap; apm, and Since A/B is finite, we must 


have A,—B, for all prime numbers p except for a finite number, say 


A/B = (Aj,/Bp,). 


Let *,m,,) and set if For 


& 


Then A/B= Z(qi), with m=n. 
i=1 


Proof of the theorem. Since B is a subgroup of A of finite index, 
B is also of rational rank n. Let u,,U2,- - -,Un be a rational basis of B. 
Then w;,U2,° * *,Un is a rational basis also of A. Let G—=@R. Then 


there is a unique isomorphism of A into G which maps u,; (for 11, 2,---,n) 
onto the element of G all of whose components (in the given direct sum 
decomposition of G) except the i-th one are zero and whose i-th component 
in 1. We shall assume that by this isomorpphism A has been identified with 
a subgroup of G. Let Z, be the subgroup of G generated by 11, U2,- - -, ty 
Let G* =G/Z,, A*=A/Z,, and B*=B/Z,. Then B* is a proper sub- 
group of A*, A* is a subgroup of G*, G* = @ (R/Z), and A/B is isomorphic 


to A*/B*. Now the theorem follows from Proposition 2. 
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